INFINITESIMAL HOM-BIALGEBRAS AND HOM-LIE BIALGEBRAS 



DONALD YAU 

Abstract. We study the Hom-type generalization of infinitesimal bialgebras, called infinitesimal 
Hom-bialgebras. In particular, we consider infinitesimal Hom-bialgebras arising from quivers, 
the sub-classes of coboundary and quasi-triangular infinitcsimal Hom-bialgebras, the associative 
Hom-Yang-Baxter equation, and homological perturbation of the comultiplications in infinitcsimal 
Hom-bialgebras. The relationships between infinitesimal Hom-bialgebras, Hom-Lie bialgebras, and 
the classical Hom-Yang-Baxter equation are also studied. 



1. Introduction 

An infinitesimal bialgebra (A, /i, A), often abbreviated to e-bialgebra, is simultaneously an as- 
sociative algebra (A,fï) and a coassociative coalgebra (A,A), in which the comultiplication A is a 
1-cocycle in Hochschild cohomology (i.e., a derivation) with coefhcients in A® 2 . Infinitcsimal bial- 
gebras were introduced by Joni and Rota [27], called infinitesimal coalgebras there, in the context 
of the calculus of dividcd diffcrcnces. In combinatorics, they are further studicd in [3, 18, 21, 26], 
among others. 

Many properties and examples of e-bialgebras were established by Aguiar [1, 2, 4]. In particu- 
lar, coboundary and quasi-triangular e-bialgebras, infinitesimal Hopf algebras, and the notion of a 
Drinfcl'd double for a finite dimensional e-bialgcbra wcrc dcvcloped in those papers. Moreover, it 
was established in [1] that the path algebra of an arbitrary quiver has the richer structure of an 
e-bialgebra. The associative Yang-Baxter equation ( AYBE) , which is closely related to coboundary 
and quasi-triangular e-bialgebras, was introduced in [1] and was further studied in [2, 33, 34]. 

Infinitesimal bialgebras are closely related to Drinfel'd's Lie bialgebras [11, 13]. A Lie bialgebra is 
simultaneously a Lie algebra and a Lie coalgebra, in which the cobracket is a 1-cocycle in Chevalley- 
Eilenberg cohomology. Thus, the cocycle condition in an e-bialgebra can be seen as an associative 
analog of the cocycle condition in a Lie bialgebra. In fact, in [2] necessary and sufficient conditions 
were found so that an e-bialgebra gives rise to a Lie bialgebra via the (co)commutator (co)bracket. 
Moreover, it was shown in [2] that, under suitable conditions, solutions of the AYBE give rise to 
solutions of the classical Yang-Baxter equation (CYBE) [35, 36]. 

The purpose of this paper is to study the Hom-type generalization of e-bialgebras, called infinites- 
imal Hom-bialgebras, often abbreviated to e-Hom-bialgebras. Hom-type algebras are usually defined 
by twisting thc defining axioms of a type of algebras by a certain twisting map. When the twisting 
map happens to be the identity map, one gets an ordinary algebraic structure. Hom-Lie algebras 
were introduced in [25] to describe the structures on certain deformations of the Witt and the Vira- 
soro algebras. Corresponding to Hom-Lie algebras are Hom-associative algebras [29], which give rise 
to Hom-Lie algebras via the commutator bracket. Conversely, there is an enveloping Hom-bialgebra 
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associated to each Hom-Lie algebra [38, 40]. Further recent studies of Hom-type structures includc 
[5, 6, 8, 10], [22] - [24], [28], [30] - [32], and [38] - [46], among others. 

There are two conceptual ways to think about e-Hom-bialgebras. On the one hand, an e-Hom- 
bialgebra is a non-(co)associative analog of an e-bialgebra, in which the non-(co)associativity is 
controlled by a twisting map a. The cocycle condition in an e-bialgebra is also replaced by a 
suitable cocycle condition in Hom-algebra cohomology. On the other hand, as we will show below, e- 
Hom-bialgebras are the Hom-associative analogs of the author's Hom-Lie bialgebras [43]. Moreover, 
we will define a Hom-type analog of the AYBE, called the associative Hom-Yang-Baxter equation 
(AHYBE), which is related to thc classical Hom-Yang-Baxter equation (CHYBE) [43] as the AYBE 
is related to the CYBE. 

A description of the rest of this paper follows. 

In scction 2 wc dcfinc e-Hom-bialgebras and prove some of their basic properties, including two 
general construction results called the Twisting Principles. Briefly, an e-Hom-bialgebra (A, /z, A,a) 
consists of a Hom-associative algebra (A, /i,a) and a Hom-coassociative coalgebra (A,A,a) such 
that A is a 1-cocycle in Hom-algebra cohomology. An e-Hom-bialgebra with a = Id is exactly an 
e-bialgebra. The First Twisting Principle (Theorem 2.8) says that an e-bialgebra A and a morphism 
a : A — > A of e-bialgebras give rise to an e-Hom-bialgebra A a with twisted (co)multiplication. This 
result allows us to construct multiplc e-Hom-bialgebras from a given e-bialgebra. A twisting result 
of this form first appeared in [39] (Theorem 2.3). That result and its generalizations have been 
cmployed by various authors; see, for example, [5] (Theorem 2.7), [8] (Theorems 1.7 and 2.6), [23] 
(Section 2), [24] (Proposition 1), [28] (Theorems 2.1 and 3.5), [32] (Theorem 3.15 and Proposition 
3.30), and [40] - [46]. 

As illustrations of the First Twisting Principlc, we observe that every quiver Q and a suitably 
defined quiver morphism a : Q — > Q give rise to an e-Hom-bialgebra structure on the space kQ of its 
path algebra (Corollary 2.14). For instance, starting from the Kronecker quiver, we construct three 
associated Kronecker e-Hom-bialgebras (Examplc 2.15). The Second Twisting Principle (Theorem 
2.7) says that every e-Hom-bialgebra gives rise to a derived sequence of e-Hom-bialgebras with 
suitably twisted structure maps. In Example 2.15 we also observe that the Kronecker e-bialgebra (= 
the path e-bialgebra of the Kronecker quiver) can be recovered from one of the Kronecker e-Hom- 
bialgebras using the Second Twisting Principle. 

In scction 3 we study the sub-class of coboundary e-Hom-bialgebras. They are the Hom-type 
analogs of Aguiar's coboundary e-bialgebras [1, 2]. A coboundary e-Hom-bialgebra is an e-Hom- 
bialgebra in which the comultiplication is a principal derivation [— , r] * (in the Hom-algebra sense) 
for some a-invariant 2-tensor r. We prove the two Twisting Principles for coboundary e-Hom- 
bialgebras (Theorems 3.2 and 3.3). In Theorem 3.4, given a Hom-associative algebra (A,fi, a) and 
an a-invariant 2-tensor r, we show that thc comultiplication A = [— , r]* gives a coboundary e- 
Hom-bialgebra (A, fi, A,a) if and only if a certain elemcnt A(r) E A® 3 is A-invariant in a suitablc 
sense. 

In section 4 we study perturbation of the comultiplications in e-Hom-bialgebras. Given an e-Hom- 
bialgebra (A, /i, A,a) and an a-invariant 2-tensor r, we consider the perturbed comultiplication 
A' = A + [— , r]*. From thc point-of-view of homological algebra, A' is the perturbation of the 
cocycle A by the coboundary [— ,r]*. In Theorem 4.1 we give a necessary and sufficient condition 
under which (A, [i, A',a) becomes an e-Hom-bialgebra. This condition also involves the element 
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A(r) G A® 3 . Our perturbation theory of e-Hom-bialgebras is similar to Drinfel'd's perturbation 
theory of quasi-Hopf algebras [12, 14, 15, 16, 17]. This perturbation question does not seem to have 
been studied before even for e-bialgebras. In particular, if we restrict to the special case a = Id in 
Theorem 4.1, we obtain a necessary and sufHcient condition under which an e-bialgebra gives rise to 
another e-bialgebra with perturbed comultiplication. 

In section 5 we study the associative Hom-Yang-Baxtcr equation (AHYBE) and quasi-triangular 
e-Hom-bialgebras. The former is defincd as the equation A(r) = (in a Hom-associative algcbra 
(A, a)), which reduces to Aguiar's AYBE when a = Id. We prove the two Twisting Principles for 
solutions of the AHYBE (Theorems 5.2 and 5.5). A quasi-triangular e-Hom-bialgebra is defined as 
a coboundary e-Hom-bialgebra in which r is a solution of the AHYBE. Again, this is the Hom-type 
analog of Aguiar's quasi-triangular e-bialgebras [1, 2]. There are Twisting Principles for quasi- 
triangular e-Hom-bialgebras (Corollaries 5.7 and 5.8). In Theorem 5.11 we give several equivalcnt 
characterizations of the AHYBE in a coboundary e-Hom-bialgebra. 

In section 6 we study how e-Hom-bialgebras give rise to Hom-Lie bialgebras, generalizing some of 
the results in [2] . A Hom-Lie bialgebra is simultaneously a Hom-Lie algebra and a Hom-Lie coalgebra, 
in which the cobracket is a 1-cocycle in Hom-Lie algebra cohomology. Hom-Lie bialgebras were first 
introduced and studied by the author in [43] as thc Hom-type analogs of Drinfel'd's Lic bialgebras 
[11, 13]. As in the case of associative algebras, given a Hom-associative algebra, its commutator 
algcbra is a Hom-Lie algebra [29]. The dual result for Hom-coassociative coalgebra and Hom-Lie 
coalgebra also holds. Thcrcfore, it is natural to ask whethcr an e-Hom-bialgebra gives rise to a 
Hom-Lie bialgebra with its (co)commutator (co)bracket. The answer to this question turns out to 
depend on a certain map on the tensor-square. 

Given any e-Hom-bialgebra A, there is a map B: A® 2 — > A® 2 called the balanceator, which 
is the Hom-type analog of a map of the same name for an e-bialgebra [2]. In Corollary 6.4 we 
cstablish that an e-Hom-bialgebra A gives rise to a Hom-Lie bialgebra with its commutator bracket 
and cocommutator cobracket precisely when its balanceator is symmetric. Thcn wc prove the two 
Twisting Principles for e-Hom-bialgebras with symmetric balanceators (Theorems 6.5 and 6.9). If 
the e-Hom-bialgcbra A in question is coboundary with A = [— , r]* and r anti-symmetric, then its 
balanceator is trivial and hence symmetric (Lemma 6.13). In this case, we obtain a coboundary 
Hom-Lie bialgebra using the (co)commutator (co)bracket (Theorem 6.12). 

In section 7 wc study how solutions of the AHYBE and quasi-triangular e-Hom-bialgebras give 
rise to solutions of the classical Hom-Yang-Baxter equation (CHYBE) and quasi-triangular Hom-Lic 
bialgebras, respectively. The CHYBE was introduced by the author in [43] as the Hom-type analog of 
the CYBE. In Theorem 7.2 we show that a solution r of the AHYBE in a Hom-associative algebra 
is also a solution of the CHYBE in the commutator Hom-Lie algebra, provided that r is either 
symmetric or anti-symmctric. Using this result and Theorem 6.12, we infer that a quasi-triangular 
e-Hom-bialgcbra with r anti-symmctric givcs rise to a quasi-triangular Hom-Lic bialgebra with its 
(co)commutator (co)bracket (Corollary 7.9). 

2. Infinitesimal Hom-bialgebras 

In this section, we definc infinitesimal Hom-bialgebras, prove some construction results, and 
consider some concrete examples. Infinitesimal Hom-bialgebras arising from quivers are considered 
near the end of this section. 
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2.1. Conventions. Throughout the rest of this paper, we work over a fixed ficld k of characteristic 
0. Vector spaces, tensor products, linearity, and Hom are all meant over k. If / : V — > V is a linear 
self-map on a vector space V, then /" : V — > V denotes the composition / o • • • o / of n copies of 
/, with /° = Id. For a map A: V -> V® 2 , we use Sweedler's notation [37] A(o) = J2( a ) fl i ® a 2- 
For an element r = Uí®Ví € V® 2 , the summation sign will often bc omittcd in computations to 
simplify the typography. For a map fi : V® 2 — > V, we often write /t(a, b) as ab for a, 6 G V". If W is 
anothcr vector space, then r: V ®W = W ®V denotes the twist isomorphism, t(v ® w) = w (g> w. 

Definition 2.2. (1) A Hom-associative algebra [29] (A, /t,a) consists of a k-module A, a 
bilinear map /x : A® 2 — > A (the multiplication) , and a linear self-map a : A — > A (the twisting 
map) such that: 

a o fj, = /j, o a® 2 (multiplicativity), 

/í o (a ® /i) = /í o (/t a) (Hom-associativity) . 

A morphism of Hom-associative algebras is a linear map of the underlying k-modules that 
commutes with the twisting maps and the multiplications. 

(2) A Hom-coassociative coalgebra [30, 32] (C, A, a) consists of a k-module C, a linear map 
A: C — > C® 2 (the comultiplication) , and a linear self-map a: C — > C (the twisting map) 
such that: 

a® 2 o A = A o ol (comultiplicativity) , 

(2.2.2) 

(a ® A) o A = (A (g) a) o A (Hom-coassociativity). 

A morphism of Hom-coassociative coalgebras is a linear map of the underlying k-modules 
that commutes with the twisting maps and the comultiplications. 

(3) An infinitesimal Hom-bialgebra (often abbrcviatcd to e-Hom-bialgebra) is a quadruplc 
(A, /x, A, a), in which (A, fi, a) is a Hom-associative algebra, (A, A, a) is a Hom-coassociative 
coalgebra, and the condition 

A o /í = (fi ® a) o (a A) + (a ® /t) o (A O a) (2.2.3) 

holds. An infinitesimal bialgebra (often abbreviated to e-bialgebra) is an e-Hom- 
bialgebra with a = Id. A morphism of e-Hom-bialgebras is a linear map that commutes 
with the twisting maps, the multiplications, and the comultiplications. 

In terms of elements and writing fi(a, b) as ab, the condition (2.2.3) can be rewritten as 

A(a6) = a {a)b x O a(b 2 ) + a(oi) ® a 2 a(b) (2.2.4) 

(6) (a) 

for all a, b e A. We will sometimes denote an e-Hom-bialgebra (A, fi, A, a) simply by A. 

To be more explicit, an e-bialgebra is a tuple (A, /t, A) consisting of an associative algebra (A, /t) 
and a coassociative coalgebra (A, A) such that the condition 

A o fi = (fj, ® Id) o (Id ® A) + (Id ® /t) o (A ® /d) (2.2.5) 

holds. The condition (2.2.5) is equivalent to 

A(ab) = a6i ® fe 2 + fl i ® a2& 

(b) (a) 
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for all a, b G A. In other words, (2.2.5) says that A: A — > A® 2 is a derivation of A with values in 
the ^4-bimodule A® 2 , in which the left and the right ^4-actions are 

a ■ (bi ® 62) = abi ® 62 and (61 ® 62) ■ o = 61 ® b^a. (2.2.6) 

A morphism of e-bialgebras is a map that is simultaneously a morphism of associative algebras and 
of coassociative coalgebras. Infinitesimal bialgebras were introduced by Joni and Rota [27]. Our 
terminology follows that of Aguiar [1]. 

Remark 2.3. Thc condition (2.2.3) is, in fact, a cocycle condition in Hom-associative algebra 
cohomology [31] with non-trivial coefBcients. Indeed, for a Hom-associative algebra (A, fi, a), onc 
can regard A® n as an A-bimodule (in the Hom-associative sense) with left and right A-actions: 

a • (bi ® • • ■ ® b n ) = fi(a(á),b\) ® a(b 2 ) ® • • ■ ® a(b n ), 

(2.3.1) 

(61 ® ■ • ■ ® b n ) • a = a(h) ® • • ■ ® a(b n -i) ® fi(b n , a(a)). 

With these notations, the condition (2.2.3) becomes 

A(o6) = a • A(6) + A(a) • b. (2.3.2) 

Set C n (A, A m ) = Uom(A® n , A m ). Now if A is an e-Hom-bialgebra with comultiplication A: A -> 
A 182 , then we can regard A G C 1 ^^, A® 2 ). Generalizing Definition 3.4 in [31], the 1-coboundary 
operator ë 1 : C^A^A® 2 ) -> C7 2 (A,A® 2 ) is given by 

(áV)(a, 6) - /(a6) - /(o) • 6 - a • /(6). (2.3.3) 

In particular, the condition (2.2.3) (in the form (2.3.2)) is equivalent to S 1 A = 0, i.e., A is a 1-cocycle 
in C\A,A® 2 ). 

Example 2.4. A Hom-associative algebra (A,fi,a) becomes an e-Hom-bialgebra when equipped 
with the trivial comultiplication A = 0. Likcwise, a Hom-coassociative coalgebra (C, A, a) becomes 
an e-Hom-bialgebra when equipped with the trivial multiplication \i = 0. □ 

In thc following three results, we give some closure properties of the class of e-Hom-bialgebras. 
The first two results are the Hom analogs of the corresponding observations in ([1] page 3). 

Proposition 2.5. Let (A, fi, A, a) be an e-Hom-bialgebra. Then so are (A, —fi, A, a), (A, fi, — A, a), 

and (A, fi°P, A°p, a), where fi°P = fi o r and A°p = r o A. 

Proof. Both (A,—fi,A,a) and (A, fi, — A,a) are e-Hom-bialgebras because the axioms (2.2.1), 
(2.2.2), and (2.2.3) clearly still hold when fi is replaced by — fi or when A is replaced by — A. 

For (A, fi° v , A op , a), it is clear that a is multiplicative with respect to fi op and comultiplicative with 
respect to A op . Let ir: A® 3 — > A® 3 be the permutation linear isomorphism given by n(a ® b ® c) = 
c ® b ® a. The Hom-associativity axiom for fi op now follows from that of fi and the idcntitics 

fi op o (a ® fi op ) = \i o (n ® a) o 7T, 
^í op o (/í oí> ® a) = fi o (a ® ^i) o 7r. 
Likcwise the Hom-coassociativity axiom for A op follows from that of A and the identities 

(a ® A op ) o A op = 7T o (A ® a) o A, 
(A op ® a) o A op = 7T o (a ® A) o A. 
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Finally, the cocycle condition (2.2.3) for A op and fi op follows from the following calculation: 

A° P O fl° P = ToAo(!OT 

= T O ((i 8 Ct) o (a ® A) O T + T O (tt ® /l) O (A 8 tt) O T 

= (a <8> M op ) o (A OJ > ® a) + (fi op ®a)o{a® A op ). 
We have shown that (A, fi op , A op , a) is an e-Hom-bialgcbra. □ 

For a k-module V, let V™ denote its linear dual Hom(V,k). Whcn V is finite dimensional, there 
is a canonical linear isomorphism {V*)® 2 = {V® 2 )* . For G V* and » £ we often write <j>(v) as 

Proposition 2.6. Let (A, fi, A,a) be a finite dimensional e-Hom-bialgebra. Then so is 
{A*,A*,fi*,a*), where 

(a*(4>),a) = (<j),a(a)), (A*(4®ý),a) = (4 ® 4>, A(a)}, (fi*(4),a®b) = (<j>, fi(a ® b)) 

for a,b G A and o),^ £ A*. 

Proof. One can check directly that {A*,A*,a*) is a Hom-associative algebra (which is true even if 
A is not finite dimensional) and that (A*,fi*,a*) is a Hom-coassociative coalgebra (which requires 
that A be finite dimensional) [32] (Corollary 4.12). It remains to establish the cocycle condition 
(2.2.3) for A* and fi* . For a, b g A and 4, Í> £ A* , we compute as follows: 
{(H* o A*)(<t3 03 ip), a <S> 6) = (4 <8> 4>, (A o fi)(a O &)) 

= (0 cg> V, (/" ® a) o (a ® A)(a ® 6)) 

+ ® 4>, (a ® /x) o (A ® a)(a ® 6)} 
= ((a* ® A*) o (n* ® a*)(0 ® -0), (a ® &)) 
+ ((A* ® a*) o (a* 03 //)(<£ ® V), (a ® b)). 
We have shown that the cocycle condition (2.2.3) holds for A* and fi* . □ 

Thc following result shows that every e-Hom-bialgebra gives rise to a derived sequence of e-Hom- 
bialgebras with twisted (co)multiplications and twisting maps. Such a twisting result for Hom-type 
algebras is referred to as the Second Twisting Principle in [46] . We will use it again in later sections 
to prove the Second Twisting Principle for coboundary e-Hom-bialgebras. 

Theorem 2.7. Let (A, fi, A,a) be an e-Hom-bialgebra. Then so is 

A n = (A,^ n \A^ n \a 2n ) 
for each n>0, where // n ) = a 2 " -1 o fi and A^ = Ao a 2 " -1 . 

Proof. First notc that A° = A, A 1 = (A, fi^ = a o fi, A (1) = A o a,a 2 ), and A n+1 = {A n )\ 
Therefore, by an induction argument, it suffices to prove the case n = 1, i.e., that A 1 is an e- 
Hom-bialgebra. One can check directly that (A, fS 1 ' ,a 2 ) is a Hom-associative algebra and that 
(A, AW,a 2 ) is a Hom-coassociative coalgebra, as was done in [46]. It remains to establish the 
cocycle condition (2.2.3) in A 1 . Using /jW = a o fi = fi o a® 2 , A^ = A o a = a® 2 o A, and the 
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cocycle condition (2.2.3) in A, we compute as follows: 



AWo^) = (a 2 )® 2 oAo M 

= ((a 2 o (j,) <g> a 3 ) o (a ® A) + (a 3 (a 2 o //)) o (A ® a) 
= (/i (1) ® a 2 ) o a® 3 o (a ® A) + (a 2 ® /i (1) ) o a® 3 o (A ® a) 
= (/i (1) ® a 2 ) o (a 2 ® A (1) ) + (a 2 ® /i (1) ) o (A (1) ® a 2 ). 



We have shown that A 1 is an e-Hom-bialgebra, as desired. 



□ 



The e-Hom-bialgebra A n in Theorem 2.7 is referred to as the nth derived e-Hom-bialgebra of 

A. 

In thc following result, it is shown that every e-bialgebra can be twisted into an e-Hom-bialgebra 
via any self-morphism. It is the main tool with which we construct concrete examples of e-Hom- 
bialgebras. Such a twisting result for Hom-type algebras is referred to as the First Twisting Principle 
in [46]. The First Twisting Principle was first established for G-Hom-associative algebras (which 
include Hom-associative and Hom-Lie algebras as special cases) in [39] (Theorem 2.3). Its variations 
and generalizations have appeared in many papers on Hom-type algebras, including [5] (Theorem 
2.7), [8] (Thcorems 1.7 and 2.6), [23] (Scction 2), [24] (Proposition 1), [28] (Theorems 2.1 and 3.5), 
and [32] (Theorem 3.15 and Proposition 3.30). It is the major method with which concrete examplcs 
of Hom-type algebras are constructed. 

Theorem 2.8. Let (A, fi, A) be an e-bialgebra and a: A^ A be a morphism of e-bialgebras. Then 

A a = (A,/x a ,A a ,a) 
is an e-Hom-bialgebra, where fi a = a o /x and A a = A o a. 

Proof. It is already shown in [39] (Theorem 2.3) that (A, fi a ,a) is a Hom-associative algebra. The 
dual argumcnt [32] shows that (A,A a ,a) is a Hom-coassociative coalgebra. It remains to establish 
the cocycle condition (2.2.3) in A a . Using fi a = ao fi = fio a® 2 , A a = A o a = a® 2 o A, and the 
cocycle condition (2.2.5) in the e-bialgcbra A, we compute as follows: 



A a o /i a = (a 2 )® 2 o A o ix 

= (a 2 )® 2 o (ijl g) Id) o (Id ®A) + (a 2 )® 2 o (Id ® /x) o (A ® Id) 
= ((ix a o a® 2 ) ® a 2 ) o (Id ®A) + (a 2 ® (ii a o a® 2 )) o (A ® Id) 
= (fi a ®a)o a® 3 o (Id ®A) + (a® fi a ) o a® 3 o (A ® Id) 
= (fi a ®a)o(a® A a ) + (a ® /x a ) o (A Q ® a). 



In ordcr to use Theorem 2.8 to construct e-Hom-bialgebras, we need to be able to construct 
e-bialgebra morphisms. The following result is useful for this purpose. 

Proposition 2.9. Let (A, fi, A) be an e-bialgebra and a: A -+ A be an associative algebra morphism. 
Suppose that X is a set of associative algebra generators for A and that Aoa and a® 2 o A are equal 
when restricted to X . Then a is an e-bialgebra morphism. 



We have shown that A a is an e-Hom-bialgebra. 



□ 
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Proof. We need to show that Aoq = a® 2 o A on all of A. Since X generates A as an associative 
algebra, it suffices to show that, if A(a(a)) = a m (A(a)) and A(a(6)) = a® 2 (A(6)), then A(a(a6)) = 
a® 2 (A(a6)). We compute as follows: 

A(a(a6)) = A(a(a)a(b)) 

= a(a)a(6)i ® «(6)2 + a(a)i ® a(a) 2 a(6) 

= a(a)a(6i) ® a(6 2 ) + a(ai) ® a(a 2 )a(6) 

= a® 2 (a6i ® 6 2 + ai ® a 2 6) 

= a® 2 (A(a6)). 

In the second and the last equalities above, we used the cocycle condition (2.2.5) in A. In the third 
equality, we used the assumption that Ao« and a® 2 o A are equal on a and 6. In the first and the 
fourth equalities, we used the assumption that a is an associative algebra morphism. □ 

The rest of this section is devoted to examples of e-Hom-bialgebras that can be constructed using 
the First Twisting Principle (Theorem 2.8). 

Example 2.10 (Dual numbers e-Hom-bialgebra). The algebra of dual numbers k[x]/(x 2 ) is 
an e-bialgebra with A(l) = and A(x) = x ® x ([1] Example 2.3.6). We claim that there are 
exactly two e-bialgebra morphisms a: k[x]/(x 2 ) — » k[x]/(a; 2 ) that preserve 1, namely, a = Id 
and a(c + dx) = c. Indeed, a unit-preserving algebra morphism on k[x]/(a; 2 ) is determined by 
a(x) = a + bx. Since A(a(l)) = = a® 2 (A(l)), by Proposition 2.9 a is an e-bialgebra morphism if 
and only if A(a(xj) = a® 2 (A(a;)). We have 

A(a(x)) = A(a + bx) =bx®x 

and 

a® 2 (A(x)) = a(x) ® a(x) 

= a®a + a®bx + bx®a + bx® bx. 

Therefore, a is an e-bialgebra morphism if and only if a = and 6 <E {0, 1}, i.e., a = Id or 
a(c + dx) = c. 

Consider the e-bialgcbra morphism a: \í[x]/(x 2 ) — > k[x]/(x 2 ) given by the constant-coefficient 
projection a(c + dx) = c. By the First Twisting Principle (Theorem 2.8), there is a corresponding 
e-Hom-bialgebra 

(k[x]/ (x 2 )) a = (k[x]/(x 2 ), n a = a o M , A Q = A o a, a) 

with 

fi a (a + bx, c + dx) = ac and A Q (a + bx) = A(a) = 

In other words, (k[x]/(x 2 )) Q is thc Hom-associative algebra (k[x]/(x 2 ), [i a , a) considered as an e- 
Hom-bialgebra with trivial comultiplication, as in Examplc 2.4. □ 

Example 2.11 (Polynomial e-Hom-bialgebras). Thc polynomial algebra k[x] is an e-bialgebra 
whose comultiplication is determined by A(l) = and 

71-1 

A(x n ) = ^x l ^x* 1 - 1 - 1 

i=0 

for n > 1 ([1] Example 2.3.3). This comultiplication is important in the calculus of divided differences 
[26, 27]. 
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We claim that there is a bijection between (the underlying set of) k and unit-preserving e-bialgebra 
morphisms a a : k[x\ — > k[x] dctermined by a a {x) = a + x for a G k. Indeed, we have 

A(a a {x)) = A{a + x) = 1 ® 1 = af 2 (A(x)) 

and A(a a (l)) = = a® 2 (A(l)). Sincc {l,x} generates k[x} as an associative algebra, it follows 
from Proposition 2.9 that each a a is an e-bialgebra morphism on k[x]. Conversely, suppose that 
a: k[x] —> k[x] is a unit-preserving e-bialgebra morphism. In particular, a is determined by a(x) = 
J2n=o a nX n 6 k[x]. On the one hand, we have 

A(a(x)) = a® 2 (A(a;)) = a® 2 (l <g> 1) = 1 ® 1. 

On the other hand, we have 

A(a(i)) = ^fl„A(i n ) 

r / n— 1 \ 

= aoA(l) + ^ a„ ^ x l ® x"- 1 - 4 

71=1 \í=0 / 

= ai(l <g> 1) + a 2 (l <8> x + a; <8 1) H 

+ o r (l (8) i 1 '" 1 + a; ® a;'- 2 + h a; r_1 O 1). 

It follows that ai = l and a n = for n > 2, i.e., a(x) = ao + x = a ao (x). 

By the First Twisting Principle (Theorem 2.8), for cach a E k, there is a corresponding e-Hom- 
bialgebra 

k N«a = m?],n aa , A aa7 a a ). 
Its multiplication /j, aa = a a o /j, is given by 

Va a (f, g) = f(a + x)g(a + x) 
for /, g e k[a;]. Its comultiplication A Qa = a® 2 o A is given by A Qa (l) = and 

n-l 

A Qa (x n ) = ^ (o + x) 1 ® (o + a;)"- 1 - 4 

i=0 

for n > 1. Wc can think of the collection {k[a;] Qo : a £ k} as a 1-parameter e-Hom-bialgebra 
dcformations of the e-bialgebra k[x]. We recover k[x] by taking a = 0. □ 

An important class of e-bialgebras comes from the path algebras of quivers, as shown in ([1] 
Example 2.3.2). In the rest of this section, we discuss how the First Twisting Principle (Theorem 
2.8) can be applied to these path e-bialgebras to give e-Hom-bialgebras. Let us briefly recall the 
relevant notions of quivers and their path algebras. More detailed discussions of quivers can be 
found in, e.g., ([7] Chapter II). 

2.12. Quivers and path e-bialgebras. A quiver Q = (Qo,Qi,s,t) consists of a set Qo of ver- 
tices, a set Qi of arrows, and two maps s,t: Qi — > Qo called the source and thc target. In other 
words, a quiver is a directed graph. Graphically, an arrow cj> G Q\ is represented as a directed edge 

s(4>) A t(4>) 

from its source to its target. A path of length l > 1 in a quiver Q is an Z-tuple 4>f • ■ 4>i of arrows 
satisfying t(4>i) = s(4>i+i) for 1 < i < l — 1. A path of lcngth is defined as a vertex in Q . The set 
of paths of length l is denoted by Qi. For a path 4>i • ■ • 4 ) h its source and target are defined as s(4>i) 
and t(4>i), respectively. 
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Given a quiver Q, its path algebra is thc associative algebra kQ = © ;>0 kQi whose undcrlying 
k-module has basis U;>oQ/. The multiplication is determined on the basis elements (i.e., paths) by 

fj,(<f>i---<t>l,ipi--- ip m ) = S t ^ íS ^<pi ■ ■ ■ Mi ■•■ipm- (2.12.1) 

In other words, the multiplication on paths is given by the concatenated path if the target of the 
first path is equal to the source of the second path. Otherwise, it is 0. According to ([1] Example 
2.3.2), the path algebra kQ of a quiver Q is an e-bialgebra whose comultiplication A is dctcrmincd 
by: 

A(v) = for v e Q , 

A(<p) = s(<p) ® t(<p) for <peQi, and 

(2.12.2) 

A(<p! ■■■<pl) = S(<pl) ®<p2---<Pl+4>l--- <Pl-l ® t(<pl) +*^2<f>l---<pi® <pi+2 ■■■<Pl 

i=l 

for <pi ■ ■ ■ <pi e Qi with l > 2. We refer to this e-bialgebra as the path e-bialgebra of the quiver Q. 

To use the First Twisting Principle (Theorem 2.8) on the path e-bialgebra of a quiver Q, we need 
to be able to construct e-bialgebra morphisms on kQ. Such maps can be constructed from suitable 
morphisms on the quiver Q, as we now discuss. 

Let Q and Q' bc two quivcrs. A quiver morphism a: Q — > Q' consists of two maps : Qi — > Q\ 
(i = 0,1) such that (i) s(ai(<p)) = a (s(<p)) and t(a\(<p)) = ao(t(<p)) for all <p 6 Qi, and that (ii) 
a is injective. In other words, a quiver morphism is a map of directed graphs that is injective on 
vertices and that preserves the sources and the targets of arrows. In what follows, we will drop the 
subscripts and write both a and a\ as a. 

The main property of a quiver morphism is that it induces an e-bialgebra morphism on the path 
e-bialgebras. 

Theorem 2.13. Let a: Q — >• Q' be a quiver morphism. Then there exists a unique morphism of 
e-bialgebras a* : kQ — > kQ' such that 

(1) a^Q^ = a for i = 0,1, and 

(2) a*(<pi ■■•<pi) = a(<pi) ■ --a(<pi) for l>2 and <pi ■ ■ ■ <pi £ Qi. 

Proof. The uniqueness part is clear because <pi ■ ■ ■ <pi £ Q\ is the Z-fold product of <pi, . . . , <p\ G Q\. 

For the existence part, first note that a* as defined in the Theorem is a well-defined linear map 
because a preserves the source and the target. For the same reason and the assumption that a is 
injective on vertices, it follows that a« is compatible with the multiplications (2.12.1) in kQ and 
kQ' . To see that a* is compatiblc with the comultiplications (2.12.2), observe that for <j>\ - ■ ■ <pi € Qi, 
both af 2 (A(<pi ■ ■ ■ <pi)) and A(a„(0i • • • <pi)) arc equal to 

s(a(<pi)) ® a(<p 2 ) ■ ■ ■ a(<pi) + a(<pi) ■ ■ ■ a(<p t -i) ® t(a(<pi)) 

1-2 

+ ^ "(^l) • • • a (&) ® a (^+2) • • • <P(4>l) 
i=l 

by the definition of cí«|q, and the assumption that a preserves the source and the target. □ 

Combining the First Twisting Principle (Theorem 2.8) and Theorem 2.13, we obtain an e-Hom- 
bialgebra from each quiver and a quiver self-morphism. 
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Corollary 2.14. Let Q be a quiver and a: Q — > Q be a quiver morphism. Then there is an e-Hom- 
bialgebra 

kQa„ = (kQ, \i at , A at , a*), 
where : kQ — > kQ is the induced e-bialgebra morphism as in Theorem 2.13, \i ar — a* o \i, and 
A a „ = Aoa,. 

Let us illustrate Corollary 2.14 with some examples. To simplify the notations, we will use the 
same symbol for both a quiver morphism and its induced e-bialgebra morphism. 

Example 2.15 (Kronecker e-Hom-bialgebras). In this example, we apply Corollary 2.14 to the 
Kronecker quiver Q 



vo 



with two vertices Vi (i — 0, 1) and two arrows 4>j (j = 1, 2), both with source v and target v\. Its 
path algebra is called the Kronecker algebra and is isomorphic to the algebra of matrices 

|k©k k 

Onc way to see this is through the identification 





o o" 




1 o" 




o o" 




o o" 




1 


, Vi = 





, 01 = 


(1,0) 0_ 


, 4>2 = 


(0,1) 



These four elements form a basis of the path algebra kQ because the Kronecker quiver Q does not 
have any paths of lcngth > 2. The multiplication \i in the path algebra kQ is determined by 

vf = ví, v <t>j = 4>j = 4>jVi 

for i = 0, 1 and j = 1, 2; all other binary products of these basis elements are 0. See, e.g., ([7] page 
52, Example 1.13(b)) for details. As an e-bialgebra, the comultiplication in kQ is dctcrmined by the 
first two lines in (2.12.2). Namely, for a, b,c,d G k, we have 

o ol J 

+ cA , 
1 (1,0 



a 

(c,d) 



1 




bA 



dA 





(0,1) 



= + + c 











1 















1 











+ d 















1 













1 











(2.15.1) 











1 








1 











= (c + d) 

In particular, A is determined by c + d. 

It follows from the definition of a quiver morphism that thcrc arc cxactly thrcc non-idcntity quivcr 
morphisms on thc Kronecker quiver Q, all of which have to fix both (i = 0, 1). On arrows these 
three morphisms are: 

(1) a t (4>j) = 4>i f° r 3 = 1) 2 (where t stands for top); 

(2) ab(4j) = 4>2 for j = 1, 2 (where b stands for bottom); 

(3) a p (4>i) = 02 and ot p (4>i) = 4>i (where p stands for permute). 
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Their induced e-bialgebra morphisms on kQ are given by 





a 




a 




a 




a 




a 




a 


a t 


(c, d) b 




(c + d, 0) 6 




(c, d) b 




(0,c + d) b 


1 


(c, d) 6 




{d, c) b 



By Corollary 2.14, for each quiver morphism a e {aí,ab,o:p}, there is a corresponding e-Hom- 
bialgebra 

kQ a = {kQ, fi a = a o A a = A o a, a). 
It follows from (2.15.1) that in each of the three cases, we have A a = A. 

Note that the first derived e-Hom-bialgebra of kQ ap (as in the Second Twisting Principle, Theo- 
rcm 2.7) is 

(kQaJ 1 = (kQ Qp ,apO/i,Aoa:p,ap). 
Since ttp = Id: kQ — > kQ, it follows that {kQ^) 1 = kQ, the original path e-bialgebra of the 
Kronecker quiver. □ 

Example 2.16 (Lower-triangular matrix e-Hom-bialgebra). In this example, we apply Corol- 
lary 2.14 to the quiver Q 



v 2 



v 3 




with three vertices and two arrows as indicatcd. Its path algebra is isomorphic to a subalgebra of 
the full lower-triangular matrix algebra, namely, 

"k O" 
kQ= k k 
k k 

One way to see this is through the following identification. Let be the 3-by-3 matrix with 1 in 
the {i, j)-entry and everywhere else. Then ví = Eu for i = 1, 2, 3 and (f)j = -Bj+i.i for j = 1, 2. As 
in Example 2.15, the quiver Q does not have any paths of length > 2. The multiplication u in kQ 
is determined by 

V? = Vi, (j)jVi = (j)j, V2<f>l=<j>l, V 3 (/)2 = <j>2 

for i = 1,2,3 and j = 1,2; all other binary products of these basis elements are 0. See, e.g., 
([7] page 45, Example (d)) for details. By a computation similar to (2.15.1) in Examplc 2.15, the 
comultiplication A in the path e-bialgebra kQ is given by 





a 





o" 




"o 





o" 




"l 





o" 


A 


d 


b 










d 





o 













e 





c 










e 














for a, 6, c,d,e E k. 

Thcre is only one non-identity quiver morphism a : Q 
a{vi)=vi, a{v 2 ) = v 3 , a{v 3 )=v 2 , 
Its induced e-bialgebra morphism on kQ is given by 



-ï Q, which is given by 
a{4>i) = 4>2, a{4> 2 ) = 4>i- 





a 





o" 




a 





o" 


a 


d 


b 







e 


c 







e 





c 




d 





b 
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By Corollary 2.14, there is a corresponding e-Hom-bialgebra 

kQ a = (kQ, /i =ao/í,A = Aoa, a). 
The twisted comultiplication A Q is given by 





a 





o" 




"o 





o" 




"l 





o" 


A a 


d 


b 










e 


















e 





c 










d 














Observe that the first derived e-Hom-bialgebra of kQ a (as in Theorem 2.7) is 

(kQ a f = (kQ,a 2 o^,Aoa 2 ,a 2 ). 
Since a 2 = Id on kQ, it follows that (kQ^) 1 coincides with the original path e-bialgebra kQ. □ 

3. COBOUNDARY e-HOM-BIALGEBRAS 

In this section we study a sub-class of e-Hom-bialgebras (Definition 2.2) called coboundary e- 
Hom-bialgebras, which are the Hom-type analogs of Aguiar's coboundary e-bialgebras [1, 2]. The 
motivation for studying coboundary e-Hom-bialgebras is that, in an e-Hom-bialgebra, the comultipli- 
cation A is a 1-cocyclc in Hom-associative algebra cohomology (Remark 2.3). The suitably-defined 
1-coboundaries form an obvious sub-class of the 1-cocycles, so it makes sense to consider e-Hom- 
bialgebras whose comultiplications are 1-coboundaries. We prove the two Twisting Principles for 
coboundary e-Hom-bialgebras and characterize them in terms of the A-invariance of a certain 3- 
tensor A(r). The element A(r) is what defines the associative Hom-Yang-Baxter equation, which 
we study in section 5 

For a Hom-associative algebra (A, fi,a), oéí, and b = bi ® b 2 £ A® 2 , we use the notations: 

a*b = fj,(a, bi) <g> a(b 2 ), 

b*a = a(h) <g> /j,(b 2 ,a), (3.0.1) 
[a, 6]* = a * b — b * a. 

In particular, we can consider the linear map [—,6]*: A — > A® 2 given by [— ,6]*(a) = [a, b]*. An 
element in A® 2 is said to be a-invariant if it is fixed by a® 2 . 

Definition 3.1. A coboundary e-Hom-bialgebra (A, /j,, A,a, r) consists of an e-Hom-bialgebra 
(A, \i, A, a) and an a-invariant element r e A® 2 such that A = [— ,r]*. A coboundary e-bialgebra 
is a coboundary e-Hom-bialgebra with a = Id. 

To be more explicit, if r = u i ® v i> then the comultiplication A = [— , r]* is given by 

A(a) = [a, r]* = ^ fi(a, u^) ® a(vi) - a(m) ® ^(ví, a) (3.1.1) 

for a G A. In particular, a coboundary e-bialgebra (A, fi, A, r) consists of an e-bialgebra (A, /z, A) 
and a 2-tensor r £ A® 2 such that 

A(a) = [a, r] = ar — ra = aui (E> Vi — Ui <£> v^a. 

In other words, in a coboundary e-bialgebra, the comultiplication A = [— ,r] is the principal deriva- 
tion induced by r. 
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The following two results are the two Twisting Principles for coboundary e-Hom-bialgebras, corre- 
sponding to Theorems 2.8 and 2.7, respectively. The first result shows that coboundary e-bialgebras 
can be twisted into coboundary e-Hom-bialgebras along suitable algebra morphisms. 

Theorem 3.2. Let (A,ii,A = [— ,r],r) be a coboundary e-bialgebra and a: A — > A be an algebra 
morphism such that a® 2 (r) = r. Then 

A a = (A,u a ,A a ,a,r) 
is a coboundary e-Hom-bialgebra, where u a = ao u and A a = Ao a. 

Proof. It follows from thc multiplicativity of a with respcct to /i and the a-invariancc of r that 
— A o a. In other words, a is an e-bialgebra morphism. By Theorem 2.8 we already know 
that A a is an e-Hom-bialgebra. It remains to show that A a has the form [— , r]* (with u a instead 
of u). Write r = J2 u i ® v i- For any element a e A, we have 

A a (a)=a® 2 (A(a)) 

= a(/j(a, u{)) (g a(vi) - a(u t ) <g> a(/j(vi,a)) 
= ii a (a,Ui) (g a(vi) - a(ui)<& ii a (vi,a). 
This proves that A a = [-,r], in i„. □ 

The following result is the Second Twisting Principle for coboundary e-Hom-bialgebras. It shows 
that an arbitrary coboundary e-Hom-bialgebra gives rise to a derived sequence of coboundary e- 
Hom-bialgebras. 

Theorem 3.3. Let (A, /t, A,a,r) be a coboundary e-Hom-bialgcbra. Then so is 

A n = (A,Li {n) , A {n) ,a 2 ",r) 
for each n > 0, where fj^ n) = a 2 "^ 1 o fj and A^ = Ao a 2 "^ 1 . 

Proof. By Theorem 2.7 we already know that A n is an e-Hom-bialgebra. Moreover, since r is fixed 
by a® 2 , it is also fixed by (a 2 ™)® 2 . Thus, it remains to show that A'"' has the form [— ,r]* (with 
and oí 2 " instead of \j and a). Writing r = ^ u, ® v^, for an arbitrary element a e A, we have: 

AW(b) = Aía 2 "- 1 ^)) 

= /i(a 2n_1 (a),iti) ® a(uj) - a(iti) ® a 2 " _1 (a)) 

= /i(a 2n - 1 (a),a 2n - 1 («i)) ®a 2 "(^) -a 2 "(ui) (g) /i(a 2 " _1 (wi), a 2 " _1 (a)) 

= Li {n) (a, m) (g) a 2 " (ví) - a 2 " (u,) (g /i (n) (^ , o) . 

In the third equality above, we used the a-invariance of r. In the fourth equality, we used a o /t = 
/t o a® 2 . We have shown that A n is a coboundary e-Hom-bialgebra. □ 

In a coboundary e-Hom-bialgebra, the comultiplication A = [— ,r]* is determined by the a- 
invariant 2-tensor r e A® 2 . It is therefore natural to ask the following qucstion: 

If (A, u, a) is a Hom-associative algebra and r e A® 2 is a-invariant, under what 
conditions is (A, /*, A = [— , r]*, a, r) a coboundary e-Hom-bialgebra? 
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To state the answer to this question, we need the following notations. Let (A, fi, a) be a Hom- 
associative algebra and r = J2 u i ® v i, s — __ u 'j ® v 'j e A® 2 . Define the 3-tensors: 

»*i3Si2 = fj,(ui,u'j) <8 a(Vj) <8 a(vi), 

ri2S23 = y^a(ui) <8 h(ví,u'A <8 a(v'j), 

^ (3.3.1) 

r_3«i3 = ^2 a(u'j) ® a(ui) <8 h(ví, v'j), 
A(r) = r 13 r 12 - r 12 r 23 + r 23 r 13 . 
Recall the «-action of A on A® n defined in (2.3.1). Define the «-brackct 
\a, 61. = a • 6 — 6 • a 

(3.3.2) 

= n(a(a),bi) (8> a(b 2 ) <8 • ■ • <8 a(6„) - a(6i) <8 • • • <8 a(6„_i) <8 fi(b n , a(a)) 

for a e i and 6 = J2 °i ® ' ' ' ® e A®". An n-tensor 6 G A®" is said to be A-invariant if 
\a, 6]. = for all o£A The following result, which is a Hom-type generalization of ([1] Proposition 
5.1), gives an answer to the question above. 

Theorem 3.4. Let (A,fi,a) be a Hom-associative algebra and r _ A® 2 be an a-invariant 2-tensor. 
Define the map A = [— ,r]*: A — > A® 2 as in (3.0.1). Then (A, fi, A, a, r) is a coboundary e-Hom- 
bialgebra if and only if A(r) G A® 3 is A-invariant. 

Proof. First note that (A, fi, A, a, r) is a coboundary e-Hom-bialgebra if and only if (i) (A,A,a) 
is a Hom-coassociative coalgebra (2.2.2) and (ii) the cocycle condition (2.2.3) is satisfied. The 
comultiplicativity of a with respect to A = [— , r]* is automatic because (with r = J_ m <8 u») 

A(a(a)) = a(a)ui <8 a(v^) — a(m) <8 Uja(a) 

= a(a)a(ïij) (8 a 2 («i) - a 2 (ui) <8 a(i>,)a(a) 

«2 ( 3 - 4A ) 
= a 89 (atij (8 a(wi) — a(ui) <8 v^a) 

= a® 2 (A(a)). 

In the second equality above, we used the a-invariance of r. 

In Lemma 3.5 below, we will show that A = [— ,r]* satisfies the cocycle condition (2.2.3), regard- 
less of whethcr A(r) is A-invariant or not. Moreover, in Lemma 3.6 below, we will show that the 
Hom-coassociativity of A = [— , r]* is cquivalent to the __-invariance of the 3-tensor A(r). Thcrefore, 
to finish the proof of the Theorem, it remains to prove Lemmas 3.5 and 3.6. □ 

Lemma 3.5. With the same hypotheses as in Theorem 3.4, the cocycle condition (2.2.3) is satisfied 
for A = [-,r]*. 

Proof. For elements a, b e A, the left-hand side of the cocycle condition (in the equivalent form 
(2.2.4)) is: 

A(a6) = \ab, r]* 

= (ab)ui (8 a(vi) - a(ui) (8 Vi(ab) 

„ „ (3.5.1) 

= (ab)a(ui) (8 a (v^) - a (m) (8 a(vi)(ab) 
= a(a)(bui) <8 a 2 (vi) - a 2 (ui) <8 (v.a)a(6). 
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In the third and the fourth equalities above, we used the a-invariance of r and the Hom-associativity 
axiom (2.2.1), respectively. On the other hand, we have 

A(a) = ai <g a 2 = aui (g a(vi) — a(ui) (g v^a, 

and similarly for A(b) = J2bi <g 62. Therefore, the right-hand side of the cocycle condition (2.2.4) 
is: 

a(a)bi (g «(62) + a(ai) <g a 2 a(o) = a(a)(bui) (g a 2 («i) - a(a)a(ui) <g a(«io) 

+ a(aui) <g a(vi)a(b) - a 2 (ui) <g (via)a(b). 

On the right-hand side, the second and the third terms cancel out by the multiplicativity of a. The 
sum of thc other two terms is A(ab) (3.5.1). We have shown that the cocycle condition (2.2.3) 
holds. □ 

Lemma 3.6. With the same hypotheses as in Theorem 3.4, we have 

(a®A)oA-(A®a)oA = ~[-,A(r)]., 

where [—,—]• is defined in (3.3.2). In particular, A — [— ,r]* is Hom-coassociative (2.2.2) if and 
only if A(r) is A-invariant. 

Proof. With r — J2 u í® v í, the left-hand side of the Hom-coassociativity axiom (2.2.2) for A = [— , r]* 
applied to an element a G A is: 

(a ® A)(A(a)) = (a <g A)(am <g a(v») - a(u») <g u»a) 

= a(a)a(ui) <g a® 2 (A(vi)) - a 2 (ui) <g A(w,a) by (3.4.1) 

= a(a)a(ui) (g a(viUj) (g a 2 («j) — a(a)a(u^) <g a 2 (wj) (g a(u,í;i) 

— a 2 (ui) <g a(wj)(auj) (g a 2 («j) + a 2 (u{) (g a 2 («j) <g (vjVi)a(a) by (3.5.1) 

= a • (ri 2 r 23 ) - o • (r 23 ri 3 ) - a 2 («i) (g (u;a)a(u.,) (g a 2 (v.,) + (r 23 r i3 ) • a. 

Recall that the 3-tensors r i2 r 23 , etc, are dehned in (3.3.1) and that the «-action is dehned in (2.3.1). 
In the last equality above, we used the Hom-associativity (2.2.1) of \i in the third summand. 

Similarly, the right-hand side of the Hom-coassociativity axiom (2.2.2) applied to a G A is: 
(A <g a)(A(a)) = (A <g a)(aui (g a(vi) — a(ui) <g v^a) 

= A(aui) <g) a 2 (vi) - a® 2 (A(u,)) <g a(vi)a(a) 

= a(a)(uiUj) (g a 2 (vj) (g a 2 («i) — a 2 (uj) (g (iija)a('Uj) (g a 2 (vi) 

— a(uiUj) (g a 2 (wj) <g a(«t)a(a) + a 2 (uj) <g a(ujUj) (g a(vi)a(a) 
= a • (ri 3 r i2 ) - a 2 (uj) (g (^a)a(ui) <g a 2 («i) - (r i3 ri 2 ) • a + (r i2 r 23 ) • a. 
Combining the computations above, we have 

(a <g A)(A(a)) - (A <g a)(A(a)) = a • (r i2 r 23 ) - a • (r 23 r i3 ) + (r 23 r i3 ) • a 

- a • (ri 3 r i2 ) + (ri 3 n 2 ) • a - (r i2 r 23 ) • a 
= -[a,A(r)].. 

This proves the first assertion. The second assertion is an immediate consequence of the first assertion 
because the A-invariance of A(r) means that [a, A(r)], = for all a E A. □ 
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4. PERTURBATION OF COMULTIPLICATION 

The purpose of this section is to discuss perturbation of the comultiplication in an e-Hom-bialgebra 
by suitable coboundaries, along the lines of Drinfel'd's perturbation theory of quasi-Hopf algebras 
[12, 14, 15, 16, 17]. Recall from Remark 2.3 that the condition (2.2.3) says that in an e-Hom- 
bialgebra (A,fi, A, a), the comultiplication A: A — > A® 2 is a 1-cocycle (in Hom-associative algebra 
cohomology with coefficients in A® 2 ). In analogy with Hochschild cohomology, we can define the 0- 
cochains C°(A, A® 2 ) as the space {b € A® 2 : a® 2 (b) = b} of a-invariant 2-tensors and the differcntial 
S°: C°(A,A® 2 ) -í- C^A^A® 2 ) as S°(r) = [-,r]* (3.0.1). It is indeed the case that 8 1 o 6° = (with 
S 1 as in (2.3.3)) because by Lemma 3.5, [— , r]* satisfies the cocycle condition (2.2.3). In other words, 
[— ,r]* is a 1-coboundary, providcd r e A® 2 is a-invariant. 

Pcrturbation of cocycles by coboundaries is a natural construction in homological algebra. There- 
fore, it makes sense to ask the following question: 

Let (A, \i, A,a) be an e-Hom-bialgebra and r G A® 2 be an a-invariant 2-tensor. 
Dcfine the perturbed comultiplication A' = A + A r : A — > A® 2 , wherc A r = [— , r]*. 
Under what conditions is A' = (A, fi, A', a) an e-Hom-bialgebra? 

To state the answer to this question, we use the following shorthand: 

(a <g> A) _ = a cg> A - A cg> a. (4.0.1) 

Also recall the 3-tensors r2 3 si 3 , ri 3 si2, and A(r) (3.3.1), and the bracket [—,—]• (3.3.2). The 
following result gives an answer to the question above. 

Theorem 4.1. Let (A,fi,A,a) be an e-Hom-bialgebra and r e A® 2 be an a-invariant 2-tensor. 
Define the perturbed comultiplication A' = A + A r : A — > A® 2 , where A r = [— ,r]*. Then A' = 
(A, /i, A',a) is an e-Hom-bialgebra if and only if 

[a, (a ® A)-(r) - A(r)]. = r 23 A(a)i 3 + A(a)i 3 ri 2 (4.1.1) 

for all a e A. 

Before we give the proof of Theorem 4.1, let us discuss some of its special cases. First, restricting 
to a — Id, Theorem 4.1 gives a necessary and sufficient condition ((4.1.1) with a = Id) under which 
an e-bialgebra (A, fi, A) gives rise to a perturbed e-bialgebra A' = (A, A' = A + A r ). 

Second, in Theorem 4.1, the special case A = is Theorem 3.4. Indced, when A = 0, the 
condition (4.1.1) rcduces to 

[o,-A(r)]. = 

for all a £ A, which is equivalent to A(r) being A-invariant. 

Proof of Theorem 4-1- First note that A' is an e-Hom-bialgebra if and only if (i) (A,A',a) is a 
Hom-coassociative coalgebra and (ii) the cocycle condition (2.2.3) is satisfied for A'. Since both A 
and A r commute with a (see (3.4.1) for thc latter), so does A' = A + A r . Likewise, since both A 
and A r satisfy the cocycle condition (2.2.3) (see Lemma 3.5 for the latter), so does their sum A'. In 
Lemma 4.2 below, we will show that A' is Hom-coassociative if and only if (4.1.1) holds. Therefore, 
to finish the proof of the Theorem, it remains to establish the following Lemma. □ 

Lemma 4.2. With the hypotheses of Theorem 4-1, the perturbed comultiplication A' is Hom- 
coassociative if and only if (4.1.1) is satisfied. 
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Proof. Since A' = A + A r , the left-hand side of the Hom-coassociativity axiom (2.2.2) for A' is 

(a ® A') oA' = (a®A)oA+(«®A)o A r 

+ (a ® A r ) o A + (a ® A r ) o A r . 

Likcwise, the right-hand side of the Hom-coassociativity axiom for A' is 

(A'®a)oA'=(A«tt)oA|(A®a)o A r 
(A r ® a) o A + (A r ® a) o A r . 

By assumption A is Hom-coassociative, i.e., (a®A)oA = (A ® a) o A. Thus, the computations 
above imply that A' is Hom-coassociative if and only if 

(a ® A - A ® a) o A r + (a ® A r - A r ® a) o A = (A r ® a - a ® A r ) o A r . (4-2.1) 

By Lemma 3.6 the right-hand side of (4.2.1) is equal to [— , A(r)].. Thus, using the shorthand (4.0.1), 
to show the equivalence between (4.1.1) and (4.2.1), it is enough to show 

(a ® A)"(A r (a)) + (a ® A r )"(A(a)) 

(4.2.2) 

= [o, (a ® A) (r)]. - r 23 A(a) 13 - A(a)i 3 r 12 

for all a E A. 

Write r = ^ m ® t>j. Since A r (a) = aui ® a(uj) — a(uj) ® ^a, using the notation in (2.3.2), thc 
first summand on thc left-hand sidc of (4.2.2) is: 

(a® A)"(A r (a)) 

= a(a)a(tíj) ® A(a(uj)) — a 2 (ui) ® A(uja) — A(a«j) ® a 2 («j) + A(a(«j)) ® a(t>j)a(a) 
= a(a)a(uj) ® a® 2 (A(^)) - a 2 (ui) ®Vi* A(a) - a 2 (ui) ® A(vj) • a 

- a • A(uj) ® a 2 (^) - A(a) • ® a 2 («i) + a® 2 (A(«j)) ® a(vi)a(a) (4.2.3) 
= a • ((a ® A)(r)) - ri 2 A(a) 23 - ((a ® A)(r)) • a 

- a • ((A ® a)(r)) - A(a)i 2 r 23 + ((A ® a)(r)) • a 
= [a, (a ® A)"(r)]. - r i2 A(a) 23 - A(a) i2 r 23 . 

In the third equality above, we used the a-invariance of r on the second and the fifth summands. 
Likewise, writing A(a) = a i ® a 2> tne second summand on the left-hand side of (4.2.2) is: 
(a® A r ) _ (A(a)) = a(ai) ® A r (a 2 ) - A r (ai) ® a(a 2 ) 

= a(ai) ® a 2 u r ® a(«i) - a(ai) ® a(ui) ® Via 2 

(4.2.4) 

- aiUi ® a(vi) ® a(a 2 ) + a(ui) ® «iai ® a(a 2 ) 
= A(a) i2 r 23 - r 23 A(a)i 3 - A(a)i 3 n 2 + r i2 A(a) 23 . 
Combining (4.2.3) and (4.2.4), we obtain the desired equality (4.2.2). □ 

5. The associative Hom-Yang-Baxter equation and quasi-triangular 

e-HOM-BIALGEBRAS 

The purpose of this section is to study a sub-class of the coboundary e-Hom-bialgebras (Definition 
3.1), called quasi-triangular e-Hom-bialgebras, and the closely related associative Hom-Yang-Baxter 
cquation. Rccall from Theorem 3.4 that, given a Hom-associative algebra (A, fi, a) and an a-invariant 
2-tensor r G A® 2 , the tuple (A, fi, A = {—,r]*,a,r) is a coboundary e-Hom-bialgebra if and only if 
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the 3-tensor A(r) (3.3.1) is A-invariant. Since is the simplcst A-invariant element, this leads us 
naturally to the following dehnitions. 

Definition 5.1. Let (A, fi, a) be a Hom-associative algebra and r £ A® 2 . We say that r is a solution 
of the associative Hom-Yang-Baxter equation (AHYBE) in A if 



where the 3-tensors r 13 r 12 , etc, arc dchned in (3.3.1). Definc a quasi-triangular e-Hom-bialgebra 
as a coboundary e-Hom-bialgebra (A, /x, A, a, r) in which r is a solution of thc AHYBE. In the special 
case that A is an associative algebra (i.c, a — Id), we obtain the definitions of the associative 
Yang-Baxter equation (AYBE) and of a quasi-triangular e-bialgebra. 

Note that a quasi-triangular e-bialgebra is by definition a coboundary e-bialgebra (A, fi, A, r) in 
which r is a solution of thc AYBE. The AYBE and quasi-triangular e-bialgebras were introduced by 
Aguiar [1, 2]. Thc AYBE is the associative version of the classical Yang-Baxter equation (CYBE) 
[35, 36]. Indecd, Aguiar ([2] Theorem 3.5 and Corollary 3.7) showed that, under the assumption 
that the symmetric part r + of r is A-invariant, a solution of the AYBE gives rise to a solution of 
the CYBE, and a quasi-triangular e-bialgebra gives rise to a Drinfel'd quasi-triangular Lie-bialgebra 
[11, 13]. The AYBE with spectral parameters was introduced by Polishchuk [33] and was studicd 
further by Schedler [34]. 

In this section, we prove the two Twisting Principles for solutions of the AHYBE and for quasi- 
triangular e-Hom-bialgebras. We also give several characterizations of the AHYBE in a coboundary 
e-Hom-bialgebra. The relationships between the AHYBE and the classical Hom-Yang-Baxter equa- 
tion (CHYBE) [43] and between quasi-triangular e-Hom-bialgebras and Hom-Lie bialgebras will be 
studied in section 7. As we will sec in that section, just as the AYBE is the associative analog of 
the CYBE, thc AHYBE is thc Hom-associative analog of the CHYBE. 

We begin with the First Twisting Principle for the AHYBE. It says that a solution of the AYBE 
and an algebra morphism give rise to a derived sequence of solutions of thc AHYBE. 

Theorem 5.2. Let (A,ji) be an associative algebra, r e A® 2 be a solution of the AYBE, and 
a: A — > A be an algebra morphism. Then (a® 2 ) n (r) is a solution of the AHYBE in the Hom- 
associative algebra A a = (A, ji a = a o a) for each n>0. 

Proof. That A a is a Hom-associative algebra was proved in [39] (Theorem 2.3), and we already used 
this fact in thc proof of Theorem 2.8. Let us write r n for (a m ) n (r) and A a (-) = for thc AHYBE 
in A a . To prove the Theorem, it suffices to show that 



since by assumption A(r) = 0. Writing r = ^uí®ví, we have r n = an ( u í) ® a n (vi). Note that 



A(r) = r 13 r 12 - r 12 r 23 + r 23 r 13 = 0, 



(5.1.1) 



A a (r n ) = (a® 3 ) n+1 (A(r)), 



(5.2.1) 



Mq o (a® 2 ) n =ao^o (a® 2 ) n = a n+1 



o \x 
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by the multiplicativity of a (2.2.1). With the defmitions in (3.3.1), we compute as follows: 

A a (r n ) = u a (a n (ui),a n (u 3 )) cg a(a n (vj)) cg a(a n (vi)) 

- a(a n (ui)) <Z> u a (a n (vi), a n (uj)) <g> a(a n (vj)) 

+ a(a n (ui)) <E> a(a n (uj)) <E> u a (a n (vj), a n (ví)) 
= (a® 3 ) n+1 (u(ui,Uj) <g Vj (giVt-Ui® u(vi,Uj) <g vj + u l <i Uj <g u(vj,Vi)) 
= (a m ) n+1 (A(r)). 

This proves (5.2.1), as dcsircd. □ 

Example 5.3. Lct (A, u) be a unital associative algebra and a € A be a squarc-zcro clcmcnt, i.e., 
a 2 = 0. Thcn r = l<ga is a solution of the AYBE; see [1] Example 5.4.1. Let a : A — > A be an algebra 
morphism, not-nccessarily preserving the unit. Then, by Theorem 5.2, A a = (A, u a = a o u, a) is a 
Hom-associative algebra, and 

(a m ) n (r) = a n (í)<Eia n (a) 
is a solution of the AHYBE (5.1.1) in A a for each n > 0. □ 

Example 5.4. Lct (A, u) be a not-necessarily unital associative algebra and b € A be a square-zero 
element. Then r = b (g> b is a solution of thc AYBE; see [1] Example 5.4.4. Let a: A — > A be an 
algcbra morphism. Thcn, by Theorem 5.2, A a = (A,u a = a o u, a) is a Hom-associative algebra, 
and 

(a® 2 ) n (r) =a n (b)®a n (b) 
is a solution of the AHYBE (5.1.1) in A a for each n > 0. □ 

The following result is the Second Twisting Principle for the AHYBE. It says that every solution 
r of the AHYBE in a Hom-associative algebra A is also a solution of thc AHYBE in the derived 
Hom-associative algebras A n (Theorem 2.7). 

Theorem 5.5. Let (A, u, a) be a Hom-associative algebra and r € A® 2 be a solution of the AHYBE. 
Then r is also a solution of the AHYBE in the Hom-associative algebra A n = (A, u^ n \ a 2 ) for each 
n > 0, where u^ n ' = a 2 _1 o u. 

Proof. One can check directly that the axioms (2.2.1) hold for A n . Let us write A n (-) = for the 
AHYBE in A n . To prove the Theorem, it suffices to show that 

A n (r) = (a^f n -\A(r)), (5.5.1) 

since by assumption A(r) = 0. We compute as follows: 

A n (r) = u {n) (ui,Uj) cgi a 2 "(vj) ® a 2 " (v t ) - a 2 " (uA ® u {n \vi, u 3 ) <g> a 2 " (v 3 ) 

+ a 2n (ui) <S>a 2n (u 3 ) <8> u( n) (vj,Vi) 
= (a m ) 2n - 1 (u(ui,u 3 )®a(v 3 )(i)a(v, i )) - (a® 3 ) 2 "" 1 ^^) <g> u(v u Uj) cg a(v 3 )) 

+ (a^f^-^^a^ui) ®a(uj) ®u(vj,Vi)) 
= (a® 3 ) 2 "- 1 ^)). 

This proves (5.5.1), as desired. □ 
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We now combine the results about coboundary e-Hom-bialgebras and the AHYBE to obtain 
results about quasi-triangular e-Hom-bialgebras. The following result says that a quasi-triangular 
e-Hom-bialgcbra can be constructed from a Hom-associative algebra and an a-invariant solution of 
the AHYBE. 

Corollary 5.6. Let (A,fi,a) be a Hom-associative algebra and r G A® 2 . Then (A, fi, A = 
[— ,r]*,a,r) is a quasi-triangular e-Hom-bialgebra if and only if r is an a-invariant solution of 
the AHYBE. 

Proof. The "only if' part follows immcdiately from the defmition of a quasi-triangular e-Hom- 
bialgebra. The "if' part follows from Theorem 3.4 because A(r) = is trivially A-invariant. □ 

The next two results are the Twisting Principles for quasi-triangular e-Hom-bialgebras. 

Corollary 5.7. Let (A, fi, A, r) be a quasi-triangular e-bialgebra and a: A — >• A be an algebra 
morphism such that a® 2 (r) = r. Then 

A a = (A,fi a ,A a ,a,r) 
is a quasi-triangular e-Hom-bialgebra, where fx a = a o /j, and A a = A o a. 

Proof. That A a is a coboundary e-Hom-bialgebra follows from Theorem 3.2. That r is a solution of 
the AHYBE in A a follows from the n = case of Theorem 5.2. □ 

Corollary 5.8. Let (A, fi, A, a, r) be a quasi-triangular e-Hom-bialgebra. Then so is 

A n = (A,u {n) ,A^ n \a 2n ,r) 
for each n>0, where u^ n) = a 2 "' 1 o fi and A^ = A o a 2 "' 1 . 

Proof. This follows immediately from the Second Twisting Principles for coboundary e-Hom- 
bialgebras (Theorem 3.3) and for the AHYBE (Theorem 5.5). □ 

Example 5.9. This is a continuation of Example 5.3, in which (A, u) is a unital associative algebra, 
a G A is a square-zero elemcnt, and r = 1 <S> a. There is a quasi-triangular e-bialgebra (A, u, A, r) in 
which 

A(b) = [b,r] = b®a-l®ab 
for b G A ([1] Examplc 5.4.1). Lct a: A — > A be an algcbra morphism such that a® 2 (r) = r (e.g., 
a(l) = 1 and a(a) = a). By Corollary 5.7 there is a quasi-triangular e-Hom-bialgebra 

A a = (A, u a = a o u, A a = A o a, a, r). 

More explicitly, we have 

A a (b) = a(b) ® a - 1 ® aa(b) 
for b e A. □ 

Example 5.10. This is a continuation of Example 5.4, in which (A, fi) is a not-necessarily unital 
associative algebra, b G A is a square-zero element, and r = b ® b. There is a quasi-triangular 
e-bialgebra (A, fi, A, r) in which 

A(a) = [a,r\ = ab®b — b®ba 
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for a G A ([1] Example 5.4.4). Let a: A — »■ A be an algebra morphism such that a® 2 (r) = r (e.g., 
a(b) = b). By Corollary 5.7 there is a quasi-triangular e-Hom-bialgebra 

A a = (A, u a = a o u, A a = A o a, a, r). 

More explicitly, we have 

A a (a) = a(a)b ® 6 — 6 ® 6a(a) 
for □ 



(5.10.1) 



We end this section with several alternative characterizations of the AHYBE in a coboundary e- 
Hom-bialgebra. We use the following notations. Let (A, u, A, a, r) be a coboundary e-Hom-bialgebra 
with r = J2 u i ® v i- Recall that A* denotes the linear dual Hom(A, k) of A, and (<f>, a) = 4>(a) for 
<f> E A* and a G A. If A is finite dimcnsional, then (A* , A* , /j,* ,a*) is an e-Hom-bialgebra (see 
Proposition 2.6). Actually A* is defined even if A is not finite dimensional, but /i* is defined only 
when A is finite dimcnsional. Dcfinc thc maps Ai, A2, pi, pi '■ A* — > A as follows: 

\i(<j>) = ((f>,a(ui))vi, 

M(4>) = (4>,Ui)a(vi), 

pi(<f>) = Ui((f>,a(vi)), 

p 2 (4>) = a(ui)((f>,Vi) 

for <f> e A*. The following result gives several characterizations of thc AHYBE in A. It is a 
generalization of ([1] Propositions 5.5 and 5.6). 

Theorem 5.11. Let (A, p,, A, a, r) be a coboundary e-Hom-bialgebra with r = ^Ui® Vi. Then the 
following statements, in which the last two only apply when A is finite dimensional, are equivalent. 

(1) A is a quasi-triangular e-Hom-bialgebra, i.e., A(r) = (5.1.1). 

(2) (a®A){r) =r 13 r 12 . 

(3) (A(g>a)(r) = -r 23 ri 3 . 

(4) The square 

xf 2 

A* <gi A* 1 A®A 



A* 



A* 



-» A 



is commutative, where p° p = u o t. 
(5) The square 



A* O A* 

A* 



Pi 



-> A (g> A 



-> A 



is commutative. 
(6) The square 



-> A 



A* ®A* - 

is commutative, where u* op = t o u* . 



A 

->• A 
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(7) The square 

pi 

A* > A 

— A 



A* ® A* > A® A 



is commutative. 



Proof. In the coboundary e-Hom-bialgebra A, the comultiplication A = [— , r]* is given by 

A(a) = aï/i <8) a(vi) — a(u{) <g Ujti, 
as discussed in (3.1.1). Thus, with the notations in (3.3.1), we have 
(a(gA)(r) = a(ui) (g A(t>j) 

= a(«i) «iMj (g) a(«j) - a(«i) (g) a(ttj) (g VjVj (5.11.1) 

= mr23 - r 2 3ri3. 

This shows the equivalence between statements (1) and (2). Likewise, we have 
(A®a)(r) = A(uí) (ga(vj) 

= UiUj ® a(vj) (g a(vi) - a(uj) (g i>jUj <g a(t>j) (5.11.2) 

= ri 3 ri2 - ri 2 r 23 , 
from which the equivalence between statements (1) and (3) follows. 

For the equivalence between statements (1) and (4), note that A(r) = (as in (5.1.1)) if and only 

if 

(4>®ip®Id A ,A(r)) =0 (5.11.3) 

for all (f),ip e A*. By (5.11.2) we have 

A(r) = ri 3 r i2 - r i2 r 23 + r 23 r i3 

= (A®a)(r) +r 23 ri 3 (5.11.4) 
= A(uí) (g) a(vi) + a(ui) (g a(uj) (g i>jUj. 
Therefore, (5.11.3) is equivalent to 

= (<f> (g V> <g Wa, A(uí) (g a(uj) + a(wj) (g a(uj) (g VjVi) 
= (A*(4>®i)),Ui)a(vi) + (4>,a(ui))(il),a(uj))vjVi 
= \ 2 (A*(4 ® V)) + M° p (Af 2 (0 ® V))- 
This proves the equivalence between statements (1) and (4). 

For the equivalence between statements (1) and (5), note that A(r) = (as in (5.1.1)) if and only 

if 

(Id A ® 4> (g V, A(r)) = (5.11.5) 

for all </>,?/>£ A*. By (5.11.1) we have 

-A(r) = ri 3 r i2 - r i2 r 23 + r 23 r i3 

= ri 3 n 2 - (a® A)(r) (5.11.6) 
= UiUj ® a(vj) (g a(«i) - a(ui) ® A(ï>j). 
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Therefore, (5.11.5) is equivalent to 

= (Id A ®4>®i>, UíUj ® a(vj) <g> a(vi) - a(ui) ® A(ví)) 
= UiUj(cp,a(vj))(ip,a(vi)) - a(ui)(A*(<p®ip),Vi) 
= V op (pf 2 (<j>®ip))-P2(A*(ÍJ®iP)). 
This proves the equivalence between statements (1) and (5). 

To prove the equivalence between statements (1) and (6), observe that A(r) = if and only if 

(0® Id A ®Id A ,A(r)) = 

for all <p E A* . Then wc use (5.11.6) and proceed as above. To prove the equivalence between 
statements (1) and (7), observe that A(r) = if and only if 

(Id A <g> Id A <g> <p, A(r)) = 

for all <p G A* . Then we use (5.11.4) and proceed as above. □ 

6. FROM e-HOM-BIALGEBRAS TO HOM-LlE BIALGEBRAS 

The relationship between e-bialgebras and Lie bialgebras has been studied by Aguiar [2]. The 
purpose of this section is to describe a condition on an e-Hom-bialgebra (or a coboundary e-Hom- 
bialgebra) so that its commutator bracket and cocommutator cobracket give a (coboundary) Hom- 
Lie bialgebra [43] (see Corollary 6.4 and Theorem 6.12). The transitions from solutions of the 
AHYBE (5.1.1) to solutions of the CHYBE and from quasi-triangular e-Hom-bialgebras to quasi- 
triangular Hom-Lie bialgebras are studied in thc next section. The results in this section are Hom- 
type generalizations of some of those in [2] (section 4). 

As discussed in [43] (section 3), a Hom-Lie bialgebra is simultaneously a Hom-Lie algebra and a 
Hom-Lie coalgebra in which the cobracket is a 1-cocycle in Hom-Lie algebra cohomology [31]. This 
suggests a close relationship between e-Hom-bialgcbras and Hom-Lie bialgebras, since the comulti- 
plication in an e-Hom-bialgebra is a 1-cocycle in Hom-associative algebra cohomology (Remark 2.3). 
This is indeed the case, as we describe below. 

Let us first recall the dcfinition of a Hom-Lie bialgebra from [43]. 

Definition 6.1. Lct a dcnote the cyclic pcrmutation (12 3). 

(1) A Hom-Lie algebra [25, 29] (L, [—,—],«) consists of a vector space L, a linear map 
a : L — > L (the twisting map), and an anti-symmetric bilinear operation [—,—]: L® 2 — > L 
(the bracket) such that thc following conditions are satisfied: (1) a o [— , — ] = [— , — ] o a® 2 
(multiplicativity) and (2) the Hom-Jacobi identity, 

[-, -] o ([-, -] ® a) o (Id + a + a 2 ) = 0. (6.1.1) 

For an element x in a Hom-Lie algebra (L, [—,—],«) and n > 2, define the adjoint map 
ad x : L® n L® n by 

n 

ad x (yi ® • •• ® y n ) = ^a(yi) ® • • ■ <g> a(yj_i) ® [x,yi\ ®a(y l+1 ) ■ ■ -®a(y n ). (6.1.2) 
Conversely, given 7 = Y^, Vi -> ■ ■ • ® y n , w e define the map ad(^) : L — > L® n by ad(7)(x) = 

&&x(l)- 
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(2) A Hom-Lie coalgebra [30, 32] (L, 5, a) consists of a vector space L, a linear self a: L — >• L 
(thc twisting map) , and a linear map 5 : L — > L® 2 (the cobracket) such that the following 
conditions are satishcd: (1) íoa = a® 2 o 5 (comultiplicativity), (2) r o 5 = —5 (anti- 
symmetry), and (3) the Hom-co-Jacobi identity 

(Id + a + a 2 )o(a®5)o5 = 0. (6.1.3) 

(3) A Hom-Lie bialgebra (L, [— , —],S, a) is a quadruple in which (L, [— , —],a) is a Hom-Lie 
algebra and (L, 5, a) is a Hom-Lie coalgebra such that the following compatibility condition 
holds for all x, y 6 L: 

S([x,y]) = ad a(x) (S(y)) - ad a{y) (5(x)). (6.1.4) 

In terms of elements x,y,z & L, the Hom-Jacobi identity (6.1.1) says that 

[[x, y],a(z)] + [[z, x],a(y)] + [[y, z],a(x)] = 0. 

A Hom-Lie algebra with a = Id is exactly a Lie algebra. If (A, fi, a) is a Hom-associative algebra 
(Dchnition 2.2), thcn (A, [— , — ], a) is a Hom-Lie algebra, where [— , — ] = /j, o (Id — t) is the commu- 
tator bracket of /x [29] (Proposition 1.7). Dually, if (A,A,a) is a Hom-coassociative coalgebra, then 
(A, 5, a) is a Hom-Lie coalgebra, where 5 = (Id — r) o A is the cocommutator cobracket of A [30] 
(Proposition 2.8). 

A Hom-Lie bialgebra with a = Id is exactly a Lie bialgebra in the sense of Drinfel'd [11, 13]. 
From the defmition of thc adjoint map (6.1.2), the compatibility condition (6.1.4) is equivalent to 

S ([ x , V]) = [a(x),yi] ® a(y 2 ) + a(yi) ® [a(x),y 2 ] 

(6.1.5) 

- [a(y),xi] ® a(x 2 ) - a(xi) ® [a(y),x 2 ], 

where 5(x) = J2 x i ® x 2 and 5(y) = 2/i ® 2/2- As explained in [43], the condition (6.1.4) says 
that 5 is a 1-cocycle in the Hom-Lie algebra cohomology of L with coefficients in L® 2 [31]. This is 
thc Hom-type analog of the fact that in a Lie bialgcbra, the cobracket is a 1-cocycle in Chevalley- 
Eilenberg cohomology with coefficients in the tensor-square. Properties and examples of Hom-Lie 
bialgebras and of the corresponding classical Hom-Yang-Baxter equation (CHYBE) can be found in 
[43]. 

To state the main result of this section, we need the following concept, which is the Hom-type 
generalization of the corresponding concept in [2] . 

Definition 6.2. Lct (A,[i, A, a) be an e-Hom-bialgebra. Dehne the map B: A® 2 ->■ A® 2 , called 
the balanceator, by 

B(x, y) = [x, A°r(y)}. + r([y, A P(x)].) (6.2.1) 

for x,y € A, where A op = r o A and [— , — ]. is dcfincd in (3.3.2). The balanceator is said to be 
symmetric if B = B o r, i.e., B(x, y) = B(y, x) for all x,y G A. 

Writing A(x) = x i ® x i an d A(y) = y\ ® y 2 , the balanceator is given by 

B(x, y) = [x, y 2 ® y{\. + r([y, x 2 ® xi].) 

= cí(x)y 2 ® a(y\) - a(y 2 ) ® y\a(x) + a(x\) ® a(y)x 2 - x x a(y) ® a(x 2 ). 

When A is an e-bialgebra (i.e., a = Id), the above definition of the balanceator coincides with that 
of Aguiar [2]. 
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We are now ready to state the main result of this section, which tells us exactly how far (6.1.4) 
is from being true in an e-Hom-bialgebra in tcrms of the balanceator. 

Theorem 6.3. Let (A, fi, A,a) be an e-Hom-bialgebra. Define the commutative bracket [—,—] = 
ji o (Id — t) and the cocommutator cobracket 5 = (Id — r) o A. Then we have 

S([x,y]) = a,d a(x) (S(y)) - &d a(y) (S(x)) + B(x,y) - B(y,x) (6.3.1) 

for all x, y e A. 

For the proof of Theorem 6.3, we adapt the shorthand (4.0.1) as follows. If f(x, y) is an expression 
involving x and y, then 

(f(x,y))~ = f(x,y) - f(y,x). 
In particular, the right-hand side of (6.3.1) becomes (&d a(x) (S(y)) + B(x, y))~ ■ 

Proof of Theorem 6.3. Using the cocycle condition (2.2.3) in A, thc left-hand sidc of (6.3.1) cxpands 
as: 

S([x, y]) = (Id - r)(A(xy)) - (Id - r)(A(yx)) 

= a(x)yi <8 a(y 2 ) + a(xi) <g x 2 a(y) - a(y 2 ) Cg a(x)yi - x 2 a(y) <8 a(x x ) 

(6 3 2) 

- a(y)x\ (g) a(x 2 ) - a(y\) ® y 2 a(x) + a(x 2 ) <8 a(y)x x + y 2 a(x) ® a(yi) 
= (a(x)y^ C8> a(y 2 ) - a(y{) <g y 2 a(x) + y 2 a(x) ® a(yi) - a(y 2 ) Cg a(x)y^)~ . 
For thc right-hand side of (6.3.1), first observe that: 
&d a(x) (S(y)) = ad a(x) (í/i <Z> y 2 - y 2 ®yi) 

= [a(x), y-i] ® a(y 2 ) + a(y x ) cg [a(x),y 2 ] - [a(x),y 2 ] <g a(y x ) - a(y 2 ) <g [a(x),y^] 
= a(x)yi <g a(y 2 ) - yia(x) <g a(y 2 ) + a(y x ) cg a(x)y 2 - a(y\) cg y 2 a(x) 

- a(x)y 2 cg a(yi) + y 2 a(x) cg) a(yi) - a(y 2 ) ® a(x)yi + a(y 2 ) <g ï/ia(a;) 
= a(a;)t/i <g a(y 2 ) - a(yi) Cg y 2 a(a;) + y 2 a(a;) <g a(yi) - a(y 2 ) a(x)y\ 
+ r([x,A P(y)].)~[x,A°P(y)].. 

(6.3.3) 

Using (6.3.2) and (6.3.3), the right-hand side of (6.3.1) is: 

(ad a(x) (S(y)) + B(x,y))~ 

= (a(x)yx cg a(y 2 ) - a(yi) <g y 2 a(a;) + y 2 a(a;) cg a(yi) - a(y 2 ) 08 a(a;)yi)~ 

+ (T([x,A°r(y)].) + T([y,A°P(x)].))- 
= S([x,y]), 

as desired. □ 

In the context of Theorem 6.3, (A, [— , — ],a) is a Hom-Lie algebra, and (A, S, a) is a Hom-Lie 
coalgebra. Comparing the compatibility condition (6.1.4) in a Hom-Lie bialgebra with (6.3.1), we 
obtain the following immediate consequence of Thcorcm 6.3. It tells us exactly whcn one can 
associate a Hom-Lie bialgebra to an e-Hom-bialgebra via the (co)commutator (co)bracket. 

Corollary 6.4. Let (A,fi,A,a) be an e-Hom-bialgebra. Then 

A H Lie = (A, [-, -],S,a) 
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is a Hom-Lie bialgebra if and only if the balanceator B is symmetric, where [—,—] = \i ° (Id — r) 
and 6 = (Id — r) o A. 

Next we discuss construction results for e-Hom-bialgebras whose balanceators are symmetric, for 
which Corollary 6.4 can be used to construct Hom-Lie bialgebras. The following result is the First 
Twisting Principle for such e-Hom-bialgebras. 

Theorem 6.5. Let (A,/j,A) be an e-bialgebra with balanceator B and a: A — > A be an e-bialgebra 
morphism. Then the balanceator B a of the e-Hom-bialgebra A a is given by 

B a = (a 2 r 2 oB, 

where A a = (A, fj a = a o /j, A a = A o a, a) is the e-Hom-bialgebra in Theorem 2.8. In particular, 
if B is symmetric, then so is B a . Conversely, if B a is symmetric and a® 2 is injective, then B is 
symmetric. 

Proof. For an element y G A, write A(y) = ^yi® yi- Then we have A a (y) = ^ a(yi) (g> 0(2/2)- In 
the e-Hom-bialgebra A a , we have 

&° a p (y)]. = xm ( a (yi) ® a(yi)) - (a(y 2 ) O a(y{)) • x 

= n a (a(x),a(y 2 )) ® a 2 (yi) - a 2 (y 2 ) ® /j, a (a(yi), a(x)) 

= (a?)® 2 (íi(x,y 2 )(}t)yi - y 2 ® (i(yi, x)) 

= (a 2 r 2 ([x,A"P(y)]). 

It follows that 

B a (x,y) = [x,A J(y)].+r[y,A^(x)]. 

= (a 2 )® 2 ([x,A°P(y)]+T[y,A°P(x)]) 
= (a 2 r 2 (B(x,y)), 

as desired. The last two assertions of the Theorem follow immediately from the first assertion, which 
we just establishcd. □ 

Example 6.6. Let (A, \i, A) be an e-bialgebra that is both commutative and cocommutative. Then 
its balanceator B = ([2] Proposition 4.5). If a is any e-bialgebra morphism on A, thcn it follows 
from Theorem 6.5 that B a = 0, which is trivially symmetric. In this case, Corollary 6.4 applies to 
the e-Hom-bialgebra A a to yicld a Hom-Lie bialgebra. □ 

Example 6.7. Lct (A, /j, A, r) be a coboundary e-bialgebra in which r + is A-invariant, where 
r + = (r + r(r))/2. Then its balanceator B = ([2] Proposition 4.7). If a is any e-bialgebra 
morphism on A, then it follows from Theorem 6.5 that B a = 0, which is trivially symmetric. In this 
case, Corollary 6.4 applies to the e-Hom-bialgebra A a to yield a Hom-Lie bialgebra. □ 

Example 6.8. Lct A bc the truncated polynomial algebra k[x]/(x 4 ). It is an e-bialgebra with 
comultiplication 

A(x l ) =x l ®x 2 -l®x l+2 , 
i.e., A(l) = 0, A(x) = x (gi x 2 - 1 (g) x 3 , A(x 2 ) = x 2 ®x 2 , and A(x 3 ) = x 3 ® x 2 . Its balanceator B is 
symmetric (but not = 0). This is Example 4.12.2 in [2]. If a: A — > A is any e-bialgebra morphism, 
then it follows from Theorem 6.5 that B a is symmetric. In this case, Corollary 6.4 applies to the 
e-Hom-bialgebra A a to yield a Hom-Lie bialgebra. 
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It is not hard to classify the unit-preserving e-bialgebra morphisms on A. In fact, a unit-preserving 
algebra morphism a: A -+ A is dctermined by a(x) = a + a\x + a 2 x 2 + a^x 3 . By Proposition 2.9 
such an a is an e-bialgcbra morphism if and only if a® 2 (A(x)) = A(a(x)). One can solve this 
equation for the with an elementary but tedious computation. There are exactly two classes of 
solutions: Either a(x) = a or a(x) = ±x + a%x 3 with a , a 3 6 k. □ 

The next result is the Second Twisting Principle for e-Hom-bialgebras whose balanceators are 
symmetric, for which Corollary 6.4 can be used to construct Hom-Lie bialgebras. 

Theorem 6.9. Let (A, /j,, A, a) be an e-Hom-bialgebra with balanceator B. Then for each n > 1, 
the balanceator B n of A n is given by 

where A n = (A, u (n \ A("', a 2 ") is the nth derived e-Hom-bialgebra of A with //") = a 2 "-" 1 o u and 
^(«) — A o a 2 " -1 (Theorem 2.7). In particular, if B is symmetric, then so is B n . Conversely, if 
B n is symmetric for some n and a® 2 is injective, then B is symmetric. 

Proof. Consider the case n = 1. For y g A, write A(y) = Ui ® Vi- In A 1 we have: 
[x, A^ op (y)}. = x • (a(ife) <8> a(t/i)) - (a(y 2 ) ® a(t/i)) • x 

= ^(^(a 2 ^),^^)) ®a 3 (yi) -a 3 (y 2 ) ® Ai (1) (a(2/i),a 2 (a;)) 
= (a 2 )® 2 (/í(a(x), j/ 2 ) ® a(t/i) - a(j/ 2 ) ® a(x))). 

Therefore, in A 1 we have 

B\x,y) = ^A^ 1 ^^)]. +r[y,A( 1 )°P(a ; )]. 

= (a 2 )® 2 (/í(a(x),j/ 2 ) ®a(yi) -a(y 2 ) ®/i(yi,a(x))) 

(6.9.1) 

+ (a )® o r(/i(a(y),x 2 ) ® a(xi) - a(x 2 ) ® /i(xi,a(j/))) 
= (a 2 r 2 (B(x,y)), 

as desired. For the general case, we proceed inductively, noting that A n = (A 11 ^ 1 ) 1 and using the 
case just proved repeatedly. We have: 

B n = ((a 2 ^ 1 ) 2 )® 2 o B 11 - 1 (by (6.9.1) applied to A^ 1 ) 

= (a 2 " ) ® 2 o (a 2 " ~ 2 ) 552 o B (by induction hypothesis) 

= (a 2n+1 - 2 )® 2 oB, 

as was to be shown. The last two assertions follow immediately from the first one, which we just 
established. □ 

Combining Corollary 6.4 and Theorem 6.9, we obtain a sequence of Hom-Lie bialgebras from any 
e-Hom-bialgebra with symmetric balanceator. 

Corollary 6.10. Let (A, fi, A,a) be an e-Hom-bialgebra whose balanceator B is symmetric. Then 

(A n ) H Lie = (A, u^ o (Id - r), (Id - r) o A<"» a 2 ") 
is a Hom-Lie bialgebra for each n > 1, where = a 2 "- 1 o u and A^") = A o a 2 "- 1 . 



Now we restrict to the subclass of coboundary e-Hom-bialgebra (Defmition 3.1). The correspond- 
ing Hom-Lie objects are called coboundary Hom-Lie bialgebras. 
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Definition 6.11. A coboundary Hom-Lie bialgebra (L, [—,—], S, a, r) consists of a Hom-Lie 
bialgebra (L, [— , — ], S, a) (Dcfinition 6.1) and an a-invariant r g L® 2 such that 5 = ad(r) (6.1.2). 

Coboundary Hom-Lie bialgebras were introduced and studied in [43]. They are the Hom-type 
analogs of Drinfel'd's coboundary Lie bialgebras [11, 13]. As explaincd in [43], the operators ad(r) 
are, in fact, 1-coboundaries in Hom-Lie algebra cohomology [31, section 5] with coefBcients in the 
tensor-square. This justifies the terminology. 

A 2-tensor r G A® 2 is said to be anti-symmetric if r op = — r, where r op = r(r). The follow- 
ing result gives a sufficient condition under which a coboundary e-Hom-bialgebra gives rise to a 
coboundary Hom-Lie bialgebra via the (co)commutator (co)bracket. 

Theorem 6.12. Let (A, fi, A = [— , r]*, a, r) be a coboundary e-Hom-bialgebra with r anti-symmetric. 
Then 

Ahlíc = (A, [-, -} = n o (Id - t), S = (Id - t) o A, a, r) 
is a coboundary Hom-Lie bialgebra. 

Proof. fn Lemma 6.13 below, we will show that the balanceator B of A is 0, which is trivially 
symmetric. Thus Corollary 6.4 implies that Ahlíc is a Hom-Lie bialgebra. It remains to show that 
5 = ad(r). Writing r = Y^, u i ® v ii f° r a G A wc compute as follows: 
S(a) = (Id-r)(A(a)) 

= (Id — r)(aui ® a(vi) — a(ui) ® v^a) (by (3.1.1)) 
= aui ® a(vi) - a(ui) ® v^a - a(vi) ® au t + v t a ® a(u t ) 
= aui ® a(vi) - u t a ® a(vi) + a(u{) ® av; L - a(u{) <g> v^a 
= [a, uí] cgi a(vi) + a(ui) cgi [a, v t } 
= ad Q (r). 

In the fourth equality above, we used the anti-symmetry of r twicc. To finish the proof of the 
Thcorcm, it remains to prove the following Lemma. □ 

Lemma 6.13. With the hypotheses of Theorem 6.12, the balanceator B of A is 0. 

Proof. Using the axioms (2.2.1) in a Hom-associative algebra and r op = — r, for x,y E A we have: 
B(x,y) = [x,A°P(y)}.+T[y,A° p (x)}. 

= [x, a(vi) cg yu t - v t y ® a(ui)]. + r[y, a(vi) cg xu^ - v t x ® a(u t )]. 
= a(x)a(vi) Cg a(yui) - a(x)(v t y) ® a 2 (ui) 

- a 2 (v t ) <E> (yui)a(x) + a(v t y) cg a(ui)a(x) 
+ a(xu t ) cg a(y)a(vi) - a 2 (ui) ® a(y)(v t x) 

- (xui)a(y) ® a 2 (vi) + a(u,)a(y) cg a^x) 
= -a(xui) Cg a(j/Wi) + a(x)(u^) (g a 2 (^) 

+ a 2 (ui) Cg (yvi)a(x) - a(u { y) Cg a(«ix) 
+ a(xui) (g a(j/Wi) - a 2 (ui) ® (j/Wi)a(x) 

- a(x)(uiy) (g a 2 (ui) + a(wjí/) Cg a^x) 
= 0. 
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This proves the Lemma and hence also Theorem 6.12. □ 

7. QUASI-TRIANGULAR e-HOM-BIALGEBRAS AND HOM-LlE BIALGEBRAS 

In the previous section, we discussed the transition from e-Hom-bialgebras to Hom-Lie bialgebras. 
In this section, we study the transition from quasi-triangular e-Hom-bialgebras (Definition 5.1) to 
their corresponding Hom-Lie objects. First we need to discuss the transition from solutions of the 
AHYBE (5.1.1) to solutions of thc CHYBE. The relationships between quasi-triangular e-bialgebras 
and Lie bialgebras and between the AYBE and the CYBE were studicd by Aguiar [2]. The results 
in this section are Hom-type analogs of some of those in [2] (section 3). 

Let us first recall some relevant definitions from [43]. 

Definition 7.1. Lct (L, [— , — },a) bc a Hom-Lie algebra (Definition 6.1) and r — ^u^ ® Vi,s = 
^2 u 'j ® v'j € L® 2 . Dcfine the following 3-tensors: 

[ri 2 ,si 3 ] = y^Jui^u'i] ®ct{vi) ®a(vj), 

[ri2, «23] = J2 a( Ui ) ® [ví, u'A <8> a(v'A, 

^ (7.1.1) 
[ri3,S23] = ^2ct(ui) ®a(Uj) ® [vi,v'j\, 

C(r) = [r 12 ,r 13 ] + [ri 2 ,r 23 ] + [ri 3 ,r 23 ]. 

We say that r is a solution of the classical Hom-Yang-Baxter equation (CHYBE) in L if 

C(r)=0. (7.1.2) 

A quasi-triangular Hom-Lie bialgebra is a coboundary Hom-Lie bialgebra (Definition 6.11) 
(L, [— , — ], S, a, r) in which r is a solution of the CHYBE. 

In the special case a = Id (i.e., L is a Lie algebra), the CHYBE reduces to the classical Yang- 
Baxter equation (CYBE) [35, 36]. A quasi-triangular Hom-Lie bialgebra with a = Id is a quasi- 
triangular Lie bialgebra in the sense of Drinfcl'd [11, 13]. The CHYBE and quasi-triangular 
Hom-Lie bialgebras wcrc introduced and studicd in [43]. 

Observe the formal similarity bctween the AHYBE (5.1.1) and the CHYBE (7.1.2). There is, 
in fact, a close relationship between them, as we now describe. Recall that a 2-tensor r g A® 2 is 
anti-symmetric if r op = —r, where r op = r(r). It is said to be symmetric if r op = r. Also recall 
that, if (A, \i, a) is a Hom-associative algebra, then AuLíe = (A, [—, — ], a) is a Hom-Lie algebra [29] 
(Proposition 1.7), whcre [— , — ] = /i o (Id — r). 

Theorem 7.2. Let (A,fi,a) be a Hom-associative algebra and r £ A® 2 be a solution of the AHYBE 

(5.1.1) . Suppose that r is either symmetric or anti-symmetric. Then r is a solution of the CHYBE 

(7.1.2) in the Hom-Lie algebra Ahlíc = (A, [— , -]=(io (Id — r),a). 

To prove Theorem 7.2, we consider the following variation of the 3-tensor A(r). With r = 
J2 u i ® v i £ A® 2 , define the 3-tensor 

A(r)' = UjUi ® a(vj) <g> a(vi) — a(ui) <g> UjVi <S> a(vj) + a(ui) ® a(uj) ® v^Vj. (7-2.1) 

Note that, following the conventions in (3.3.1), we can identify A(r)' as ri 2 ri 3 — r 23 r 12 + r 13 r 23 . The 
following two Lemmas are needed in the proof of Theorem 7.2. 
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Lemma 7.3. Let (A,u,a) be a Hom-associative algebra and r e A® 2 . Then 

C{r) = A(r)' - A(r), 

where C(r) (7.1.1) is defined in the Hom-Lie algebra Ahlíc = (A, [— , — ] = u o (Id — t), a). 

Proof. We compute as follows: 

-C(r) = -[ri2,ri 3 ] - [ri 2 ,r 23 ] - [ri3,r 23 ] 

= -[uj,Ui\ ® a(vj) a(vi) - a(ui) ® [vi,Uj\ ® a(vj) ~ a(ui) ® a(uj) ® [vi,Vj\ 
= UiU-j (g) a(vj) <8> a(vi) ~ u-jUi ® a(v-j) ® a(vi) — a(ui) (g) v^Uj ® a(v ) 

+ a(ui) <g> UjVí (g «(wj) + ® a(w 3 ) <8> WjWí - «(mí) <8> a(uj) ® 

= A(r)-i4(r)'. 

In the last equality above, A(r) consists of thc hrst, the third, and the fifth terms, and —A(r)' 
consists of the second, the fourth, and the sixth terms. □ 

Lemma 7.4. Let (A,n,a) be a Hom-associative algebra and r £ A® 2 that is either symmetric or 
anti-symmetric. Then A(r)' = ir(A(r)), where ir denotes the transposition (1 3) on A® 3 . 

Proof. We compute as follows: 

n(A(r)) = 7r(r 23 ri 3 - ri 2 r 23 + ri 3 n 2 ) 

= VjVi ® a(uj) ® a(ui) - a(vj) ® v^Uj <S> a(ui) + a(vi) ® a(v ) ® u^Uj 
= UjUi ® a(vj) (8) a(vi) - a(ui) ® UjV t (g) «(w^) + a(ui) ® «(%) <S> «íw 3 
= A(r)'. 

In the third equality above, we used the (anti-)symmetry of r in each of its six copies. □ 

Proof of Theorem 7.2. We have 

C(r) = A(r)' - A(r) (by Lemma 7.3) 
= (tt - W)(A(r)) (by Lemma 7.4) 

= 0, 

since by assumption A(r) =0. □ 

Let us give some examples of (anti-)symmetric solutions of the AHYBE, for which Theorem 7.2 
can be applied to yield solutions of the CHYBE. 

Example 7.5. Let (A, u) be an associative algebra, a : A — > A be an algebra morphism, and r e A® 2 
be a solution of the AYBE that is (anti-)symmetric. Then for each n > 0, (a® 2 )"(r) is a solution of 
the AHYBE in thc Hom-associative algebra A a = (A, u a = a o u,a) that is (anti-)symmetric. This 
is an immcdiate consequence of Theorem 5.2. □ 

Example 7.6. Let (A, /i, a) be a Hom-associative algebra and r G A® 2 be a solution of the AHYBE 
that is (anti-)symmetric. Then for each n > 0, r is also a solution of the AHYBE in thc Hom- 
associative algebra A n = (A, u^ = a 2 " -1 o u, a 2 ") that is (anti-)symmetric. This is a special case 
of Theorem 5.5. □ 
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Example 7.7. Let M 2 denote the associative algebra of 2-by-2 complex matrices, and let a: M 2 — > 
M 2 be an algebra morphism. For example, if 7 G M 2 is invertible, then a = 7(— )7 _1 (i-C, conjuga- 
tion by 7) is an algebra morphism. By [2] (Example 2.8), up to conjugation and transposition, thc 
only non-zero anti-symmetric solution of the AYBE in M 2 is 
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It follows from Theorem 5.2 that, for each n > 0, (a® 2 ) n (r) is an anti-symmetric solution of the 
AHYBE in the Hom-associative algebra (M 2 ) a = (M 2 , fi a = a o fi, a). □ 

Example 7.8. Consider the two-dimensional associative algebra A = k(x) © k(y) whose multipli- 
cation is determined by 

x 2 = = xy, yx = x, and y 2 = y. (7.8.1) 
By [2] (Example 2.3.1) there is an anti-symmetric solution of the AYBE in A given by 

r = y ® x — x®y. 

If a : A — > A is any algebra morphism, then by Theorem 5.2 (a® 2 ) n (r) is an anti-symmetric solution 
of the AHYBE in the Hom-associative algebra A a = (A, /j, a = aofi, a) for each n > 0. Let us classify 
the non-zero algebra morphisms on A and describe their corresponding anti-symmetric solutions of 
the AHYBE in A a . 

A non-zero algebra morphism a: A — >• A is detcrmincd by 

a(x) = ax + by and a(y) = cx + dy 

for some a, b, c, d 6 k. Solving the simultaneously equations 

a(x) 2 = = a(x)a(y), a(y)a(x) = a(x), and a(y) 2 = a(y) 

for a, b, c, and d, we conclude that the only non-zero algebra morphisms on A are given by: 

a(x) = ax, a(y) = cx + y (7.8.2) 

for arbitrary a, c e k. In the Hom-associative algebra A a , the multiplication fi a = aou is determined 

by 

H a (x,x) = Q = u a (x,y), u a (y,x)=ax, and u a (y,y) = cx + y. (7.8.3) 

If a = in a (7.8.2), then a(x) = and hence (a® 2 ) n (r) = for all n > 1. In this case, r is an 
anti-symmetric solution of the AHYBE in A a . 

Now assume that a ^ 0. To describe (a® 2 ) n (r), first note that 

a n (x) = a n x. 

We claim that 

a n (y) = c Í^2 a ^j x + y 

for all n > 1, where a° = 1. The case n = 1 is true by (7.8.2). Inductively, we have: 
a n+1 (y)=a(a n (y)) 

= c(l + a H h a Il_1 )Q:(a;) + a(y) (by induction hypothesis) 

= c(l + a H h fl n_1 )ai + cx + y 

= c(l + a + • • • + a")z + ?y. 
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This proves the claim. Going back to (a® 2 )"(r), for n > 1 we have: 
(a® 2 ) n (r) = a n (y) ® a n (x) - a n (x) ® a"(t/) 

= (c(l + a H h a" _1 )x + y) ® a n x - a n x ® (c(l + a H h a" _1 )x + y) 

= a" (y ® x — x ® y) 
= a n r. 

Therefore, when a + 1 in a (7.8.2), (a® 2 )"(r) = a"r is an anti-symmctric solution of the AHYBE 
in A a for each n > 0. □ 

Finally, we consider the transition from quasi-triangular e-Hom-bialgebras (Dcfinition 5.1) to 
quasi-triangular Hom-Lie bialgebras (Definition 7.1). 

Corollary 7.9. Let (A, fi, A,a,r) be a quasi-triangular e-Hom-bialgebra with r anti-symmetric. 
Then 

Ahlíc = (A, [-, -] = n o (Id - t), S = (Id - t) o A, a, r) 
is a quasi-triangular Hom-Lie bialgebra. 

Proof. By Theorem 6.12 we already know that A HLie is a coboundary Hom-Lie bialgebra. Moreover, 
by assumption r is an anti-symmetric solution of the AHYBE in A. It follows from Theorem 7.2 
that r is a solution of thc CHYBE in Auhie- □ 

Example 7.10. Consider the 2-dimensional Hom-associative algebra A a = (A,/j, a = a o \i, a) in 
Example 7.8, where A = k(x) ® k(y) with multiplication (7.8.1). In this Example, we take a = 1 in 
a (7.8.2), so 

a(x) = x, Oí(y) = cx + y 
with cëk arbitrary. It follows that r = y ® x — x®yïs a-invariant, i.e., a® 2 (r) = r. Thus, r is an 
a-invariant anti-symmetric solution of thc AHYBE in A a (Theorem 5.2). By Corollary 5.6, 

A a = (A, fj, a = a o fj,, A = [-, r]*, a, r) 

is a quasi-triangular e-Hom-bialgebra with r anti-symmetric. Therefore, Corollary 7.9 can be applied 
to A a to yicld a quasi-triangular Hom-Lie bialgebra 

(A a ) H Lie = (A, [-,-]= a o n o (Id -t),S = (Id - r) o [-, r]*,a, r) 

via the (co)commutator (co)bracket. 

More explicitly, using (3.1.1) and (7.8.3), the comultiplication A = [— , r]„ in A a is determined by 
A(x) = [x, y ® x - x (g) y], 

= fi a (x,y) ®a(x) - fj, a (x,x) ®a(y) - a(y) <S> ii a (x,x) + a(x) ® fi a (y,x) 
= x ® x 

and 

Mv) = [y,y®x-x®y]* 

= Ha(y,y) <8> ct(x) - fi a (y,x) ® a(y) - a(y) fi a (x,y) + a(x) O fi a (y,y) 
= (cx + y) (g) x — a; ® (cx + y) + x ® (cx + y) 
= cx(g)x + y(8)x 
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Therefore, the cocommutator cobracket S in (A a )HLie is determined by 

5{x) = (Id-T)(A(x)) 
= (Id - t){x®x) 
= 

and 

S(y) = {Id-T)(A{y)) 

= (Id — t) (cx ® x + y ® x) 
= y ® x — x®y 
= r. 

Finally, by (7.8.3), the commutator bracket [— , — ] in (A a )nLie is determined by 

[x,y] = n a {x,y) - n a (y,x) = -x. 

□ 

References 

[1] M. Aguiar, Infinitcsimal Hopf algcbras, in: Ncw trcnds in Hopf algcbra theory (La Falda, 1999), 1-29, Contemp. 
Math. 267, Amcr. Math. Soc, Providence, RI, 2000. 



[9 

[io; 
[ii 

[12; 

[13; 
[14; 

[15; 
[ie; 

[ir 

[is; 

[19 

[20; 

[21 
[22; 



M. Aguiar, On the associative analog of Lie bialgebras. J. Algebra 244 (2001) 492-532. 

M. Aguiar, Infinitesimal Hopf algcbras and the cd-index of polytopes, in: Geometric combinatorics (San Fran- 
cisco, CA/Davis, CA, 2000), 3-28, Discrctc Comput. Gcom. 27, 2002. 

M. Aguiar, Infinitcsimal bialgcbras, prc-Lic and dcndriform algcbras, in: Hopf algcbras, 1-33, Lecture Notes in 
Purc and Appl. Math. 237, Dekker, New York, 2004. 

F. Ammar and A. Makhlouf, Hom-Lie superalgebras and Hom-Lic admissible superalgcbras, arXiv:0906.1668vl. 
J. Arnlind, A. Makhlouf, and S. Silvestrov, Ternary Hom-Nambu-Lie algcbras induced by Hom-Lie algebras, 
arXiv:0912.0116. 

I. Assem, D. Simson, and A. Skowronski, Elements of the representation thcory of associative algebras, Vol. 1, 
London Math. Soc. Student Texts 65, Cambridge Univ. Press, Cambridge, U.K., 2006. 

H. Ataguema, A. Makhlouf, and S. Silvestrov, Gcncralization of n-ary Nambu algcbras and bcyond, J. Math. 
Phys. 50, no. 8 (2009), 083501. 

A.A. Bclavin and V.G. Drinfel'd, Triangle equations and simple Lie algebras, Soviet Sci. Reviews Section C 4 
(1984) 93-165, Harwood Acad. Pub., Chur (Switzerland)-New York. 
S. Caenepeel and I. Goyvaerts, Hom-Hopf algebras, arXiv:0907.0187. 

V.G. Drinfel'd, Hamiltonian structures on Lie groups, Lie bialgebras and the geometric meaning of the classical 
Yang-Baxter equations, Sov. Math. Dokl. 268 (1983) 285-287. 

V.G. Drinfel'd, On constant quasiclassical solutions of thc Yang-Baxtcr cquations, Sov. Math. Dokl. 28 (1983) 
667-671. 

V.G. Drinfel'd, Quantum groups, in: Proc. ICM (Berkeley, 1986), 798-820, AMS, Providcncc, RI, 1987. 

V.G. Drinfel'd, Quasi-Hopf algebras and Knizhnik-Zamolodchikov equations, in: A.U. Klimyk, et al ed., Prob- 

lcms of Modern Quantum Ficld Thcory, 1-13, Springer, Berlin, 1989. 

V.G. Drinfcl'd, Quasi-Hopf algebras, Lcningrad Math. J. 1 (1990) 1419-1457. 

V.G. Drinfel'd, On quasitriangular quasi-Hopf algcbras and a ccrtain group closely connected with Gal((Q/(Q), 
Leningrad Math. J. 2 (1991) 829-860. 

V.G. Drinfel'd, On the structure of the quasitriangular quasi-Hopf algebras, Funct. Anal. Appl. 26 (1992) 63-65. 
R. Ehrenborg and M. Readdy, Coproducts and the ceí-index, J. Algebraic Comb. 8 (1998) 273-299. 
L.D. Faddeev, E.K. Sklyanin, and L.A. Takhtajan, The quantum inverse problem I, Theoret. Math. Phys. 40 
(1979) 194-220. 

L.D. Faddeev and L.A. Takhtajan, The quantum inverse problem method and the XYZ Heisenberg model, 
Uspekhi Mat. Nauk 34 (1979) 13-63. 

L. Foissy, The infinitesimal Hopf algcbra and the poset of planar forests, J. Algebraic Comb. 30 (2009) 277-309. 
Y. Frégier and A. Gohr, On Hom type algebras, arXiv:0903.3393. 



INFINITESIMAL HOM-BIALGEBRAS AND HOM-LIE BIALGEBRAS 



35 



[23] Y. Frcgier and A. Gohr, On unitality conditions for hom-associativc algcbras, arXiv:0904.4874vl. 
[24] A. Gohr, On hom-algebras with surjective twisting, arXiv:0906.3270v2. 

[25] J.T. Hartwig, D. Larsson, and S.D. Silvestrov, Deformations of Lie algebras using cr-derivations, J. Algebra 295 
(2006) 314-361. 

[26] P.S. Hirschhorn and L.A. Raphacl, Coalgcbraic foundations of thc mcthod of dividcd diffcrcnccs, Adv. Math. 
91 (1992) 75-135. 

[27] S.A. Joni and G.-C. Rota, Coalgebras and bialgebras in combinatorics, Stud. Appl. Math. 61 (1979) 93-139. 

[28] A. Makhlouf, Hom-altcrnative algebras and Hom-Jordan algebras, arXiv:0909.0326. 

[29] A. Makhlouf and S. Silvestrov, Hom-algebra structures, J. Gen. Lie Theory Appl. 2 (2008) 51-64. 

[30] A. Makhlouf and S. Silvcstrov, Hom-Lic admissible Hom-coalgebras and Hom-Hopf algebras, in: S. Silvestrov 

ct. al. eds., Gen. Lie theory in Math., Physics and Beyond, Ch. 17, 189-206, Springcr-Vcrlag, Berlin, 2008. 
[31] A. Makhlouf and S. Silvestrov, Notes on formal deformations of Hom-associative and Hom-Lie algcbras, to 

appear in Forum Math., arXiv:0712.3130vl. 
[32] A. Makhlouf and S. Silvcstrov, Hom-algcbras and Hom-coalgcbras, to appear in J. Algebra Appl., 

arXiv:0811.0400v2. 

[33] A. Polishchuk, Classical Yang-Baxter equation and the Aoo-constraint, Adv. Math. 168 (2002) 56-95. 
[34] T. Schedler, Trigonometric solutions of the associative Yang-Baxter equation, Math. Res. Lett. 10 (2003) 301- 
321. 

[35] E.K. Sklyanin, On complete integrability of thc Landau-Lifshitz cquation, LOMI prcprint E-3-1979, Lcningrad, 
1979. 

[36] E.K. Sklyanin, Thc quantum vcrsion of the inverse scattering method, Zap. Nauchn. Sem. LOMI 95 (1980) 
55-128. 

[37] M. Sweedler, Hopf algcbras, W.A. Benjamin, New York, 1969. 

[38] D. Yau, Envcloping algcbras of Hom-Lie algebras, J. Gen. Lie Theory Appl. 2 (2008) 95-108. 
[39] D. Yau, Hom-algcbras and homology, J. Lie Theory 19 (2009) 409-421. 
[40] D. Yau, Hom-bialgebras and comodulc algebras, arXiv:0810.4866. 

[41] D. Yau, The Hom-Yang-Baxter equation, Hom-Lie algcbras, and quasi-triangular bialgebras, J. Phys. A 42 

(2009) 165202 (12pp). 
[42] D. Yau, The Hom-Yang-Baxter equation and Hom-Lie algebras, preprint. 
[43] D. Yau, The classical Hom-Yang-Baxtcr cquation and Hom-Lie bialgebras, arXiv:0905.1890. 
[44] D. Yau, Hom-quantum groups I: quasi-triangular Hom-bialgebras, arXiv:0906.4128. 

[45] D. Yau, Hom-quantum groups II: cobraided Hom-bialgebras and Hom-quantum geometry, arXiv:0907.1880. 
[46] D. Yau, Hom-quantum groups III: Representations and module Hom-algcbras, arXiv:0911.5402. 

Department of Mathematics, The Ohio State University at Newark, 1179 University Drive, Newark, 
OH 43055, USA 

E-mail address: dyauOmath.ohio-state.edu 



